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Abstract

The NANOGrav 15 yr (NG15) data set provides evidence for a gravitational-wave background (GWB) signal at
nHz frequencies, which is expected to originate either from a cosmic population of inspiraling supermassive black
hole binaries or new particle physics in the early Universe. A firm identification of the source of the NG15 signal
requires an accurate reconstruction of its frequency spectrum. In this Letter, we provide such a spectral
characterization of the NG15 signal based on a piecewise power-law (PPL) ansatz that strikes a balance between
existing alternatives in the literature. Our PPL reconstruction is more flexible than the standard constant power-
law model, which describes the GWB spectrum in terms of only two parameters: an amplitude A and a spectral
index γ. Concurrently, it better approximates physically realistic GWB spectra—especially those of cosmological
origin—than the free spectral model, since the latter allows for arbitrary variations in the GWB amplitude from
one frequency bin to the next. Our PPL reconstruction of the NG15 signal relies on individual PPL models with a
fixed number of internal nodes (i.e., constant power law, broken power law, doubly broken power law, etc.),
which are ultimately combined in a Bayesian model average. The data products resulting from our analysis
provide the basis for fast refits of spectral GWB models.

Unified Astronomy Thesaurus concepts: Gravitational waves (678)

1. Introduction

Pulsar timing arrays (PTAs) search for a stochastic
gravitational-wave background (GWB) at nHz frequencies
by monitoring the times of arrival (TOAs) of pulses from
galactic millisecond pulsars over time spans of years and
decades (S. R. Taylor 2021). The hallmark signature of a GWB
signal in PTA data consists of a characteristic cross correlation
between the timing residuals of pairs of pulsars, where the

timing residuals of each individual pulsar are obtained by
comparing its observed TOAs with the predictions of a
sophisticated, pulsar-specific timing model. The expected
cross correlation is described by the Hellings–Downs (HD)
curve (R. W. Hellings & G. S. Downs 1983), an overlap
reduction function that only depends on the angular separation
of pulsars in the sky and which is dominated by its quadrupole
contribution when decomposed into Legendre polynomials.
The latest generation of PTA datasets—specifically, the latest
datasets from CPTA (H. Xu et al. 2023), EPTA and
InPTA (J. Antoniadis et al. 2023), MPTA (M. T. Miles
et al. 2024), NANOGrav (G. Agazie et al. 2023a), and
PPTA (D. J. Reardon et al. 2023)—contain an excess timing
delay signal that features, at varying levels of statistical
significance, the expected HD correlation. It is thus reasonable
to assume that PTAs are currently on the brink of a 5σ
detection of a GWB.
In this Letter, we focus on the NANOGrav 15 yr (NG15)

dataset (G. Agazie et al. 2023b), which contains evidence for
an HD-correlated signal with a statistical significance of
3σ ⋯ 4σ, and assume that the signal seen in this dataset does
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indeed correspond to a genuine GWB. A crucial question
then is that of the origin of the signal. The most plausible
source of the signal would arguably be a cosmic population
of supermassive black hole binaries (SMBHBs) at the
centers of galaxies (G. Agazie et al. 2023c; D. J. D’Orazio
& M. Charisi 2023; Y. Chen et al. 2026; C. Matt et al.
2026). While no individual SMBHB system close to merger
has been detected thus far, it is known that most galaxies
host a supermassive black hole at their core, and galaxies
merge during structure formation. Galaxy mergers across
cosmic history should thus give rise to an abundance of
SMBHBs and hence a viable source of a GWB signal in the
PTA frequency band. Alternatively, the signal may
originate from exotic sources in the early Universe,
necessarily involving new physics beyond the Standard
Model of particle physics, e.g., cosmic inflation, scalar-
induced gravitational waves (SIGWs), cosmic defects, or a
cosmological first-order phase transition (C. Caprini &
D. G. Figueroa 2018; A. Afzal et al. 2023; J. Antoniadis
et al. 2024; J. Ellis et al. 2024). This cosmological
interpretation is more speculative than the astrophysical
interpretation in terms of SMBHBs. Meanwhile, the
detection of a gravitational-wave (GW) echo of the Big
Bang would be particularly exciting, as it would open an
observational window into the history of our Universe
at very early times and hence particle physics at very
high energies.
Making progress toward the firm identification of the

source of the NG15 signal requires a multipronged approach.
A PTA observable of particular interest in this context is the
GWB angular power spectrum (G. Agazie et al. 2023d;
T. Konstandin et al. 2025): the GWB signal from SMBHBs is
expected to feature much more pronounced anisotropies across
the sky than a smooth GWB signal from the early
Universe (E. C. Gardiner et al. 2024). Similarly, searches for
continuous wave (CW) signals from individual SMBHB
systems could, in case of a positive signal, confirm that
SMBHBs exist and succeed in acting as sources of nHz
GWs (G. Agazie et al. 2023e; N. Agarwal et al. 2026).
However, neither GWB anisotropies nor CW signals have
been detected thus far, which has two important implications.
First, the cosmological interpretation of the NG15 signal
remains a viable and relevant option for now. Second, current
attempts at model discrimination must focus on yet another
PTA observable: the GWB frequency spectrum.
Spectral GWB models are often formulated in terms of

unique model parameters that do not exist in other models,
e.g., the cosmic string tension Gμ in models of GWs from a
cosmic string network, the phase transition temperature T*
in models of GWs from a cosmological phase transition, etc.
To unify the discussion of these different GWB models and
facilitate a global model comparison, it is therefore helpful
to develop a more general language based on physics-
agnostic reference models. The most prominent reference
model in this regard is the constant power-law (CPL) model,
which describes the GW energy density power spectrum
h2ΩGW by a simple power law parameterized in terms of two
parameters, an amplitude A and a spectral index γ (see
below for more details). Furthermore, the CPL model can be
easily generalized to a running power-law (RPL) model by
allowing for a logarithmic running of the spectral index,
γ → γrun( f ) (G. Agazie et al. 2025a). As recently discussed

in D. Esmyol et al. (2025), it is straightforward to map
beyond the Standard Model predictions for the GWB
spectrum onto the CPL and RPL models and then use these
maps for refitting analyses.
A second prominent physics-agnostic reference model is the

free spectral model. While the CPL model can be regarded as a
minimal model that fixes the GWB amplitude in each
frequency bin in terms of just two parameters, the free spectral
model is maximally flexible. Indeed, by definition, the free
spectral model treats the GWB amplitude in each frequency
bin as a free parameter that can be chosen independently of all
other GWB amplitudes. The posterior distributions for these
amplitude parameters then yield the well-known NG15 violins
that are often used as a graphical illustration of the NG15
signal (G. Agazie et al. 2023a).
Many physically realistic GWB models are expected to be

quite different from these simple reference models. The GWB
spectrum from SMBHBs, e.g., can be modeled as a CPL only
to first approximation. More realistic SMBHB models predict
a spectral turnover at low frequencies due to environmental
interactions (B. Kocsis & A. Sesana 2011) and a spectral break
at high frequencies caused by the discrete nature of the
SMBHB population (A. Sesana et al. 2008; B. Bécsy et al.
2022; G. Agazie et al. 2025b; W. G. Lamb et al. 2025).
Another example is GWs from cosmic inflation (M. C. Guzzetti
et al. 2016), which do not result in an exact CPL spectrum,
even if the primordial tensor power spectrum produced during
inflation should have a perfect CPL shape (which by itself is a
strong assumption). In this case, the primordial tensor power
spectrum will be modulated by the transfer function that
relates the primordial spectrum to the present-day GWB
spectrum and which is sensitive to changes in the effective
number of relativistic degrees of freedom across cosmic
history. Together, the primordial tensor spectrum and the
transfer function then result in a GWB spectrum that deviates
from a CPL (Y. Watanabe & E. Komatsu 2006; K. Saikawa &
S. Shirai 2018).
Meanwhile, the free spectral model represents a maximally

conservative reconstruction of the GWB signal. Irrespective
of physical expectations, it accounts for any conceivable
shape of the GWB spectrum, no matter how strongly the
GWB amplitude may vary up and down from one frequency
bin to the next. It is therefore legitimate to use the free
spectral model as a basis for conservative refitting analyses,
which is the underlying idea of the ceffyl refitting
framework (W. G. Lamb et al. 2023). At the same time, it is
clear that the free spectral model encapsulates a multitude of
spectral shapes that are unlikely to be realized in any
physically realistic model.
This observation motivates us to seek alternative reference

models. We are interested in models that (i) better reflect our
physical expectation that the GWB spectrum should be
described by a smooth and well-behaved function of
frequency, in particular if it originates from a cosmological
source, and that (ii) are more flexible than a rigid CPL. The
RPL model discussed in G. Agazie et al. (2025a) can be
regarded as a first step in this direction. In the present Letter,
we continue our construction of physics-agnostic reference
models and investigate yet another promising approach: the
reconstruction of the GWB signal in terms of a piecewise
power law (PPL), i.e., a set of linear spline interpolations
between movable nodes in the flog10 – hlog10

2
GW plane.
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Our analysis is primarily inspired by literature on the cosmic
microwave background (CMB) that is concerned with the
reconstruction of the primordial scalar power spectrum
(J. A. Vázquez et al. 2012a; G. Aslanyan et al. 2014; F. Finelli
et al. 2018; W. J. Handley et al. 2019). Our reconstruction of
the GWB spectrum based on the NG15 data can notably be
regarded as the equivalent of the Bayesian reconstruction of
the primordial scalar power spectrum by the Planck Collabora-
tion based on the Planck 2015 (Planck Collaboration et al.
2016) and Planck 2018 data (Planck Collaboration et al. 2020).
Apart from this, the PPL ansatz (sometimes also referred to as
the “nodal” or “flexknot” reconstruction) is routinely used in a
variety of analyses in cosmology, ranging from reconstructions
of the equation of state of dark energy (J. A. Vázquez et al.
2012b; S. Hee et al. 2016; A. N. Ormondroyd et al. 2025) over
reconstructions of the cosmic reionization history (M. Millea
& F. Bouchet 2018; S. Heimersheim et al. 2022) to
reconstructions of galaxy cluster profiles (M. Olamaie et al.
2018) and the 21 cm signal (S. Heimersheim et al. 2023;
E. Shen et al. 2024). In the context of the SIGW interpretation
of the NG15 signal, the PPL ansatz was recently also used by
A. Ghaleb et al. (2025), in order to constraint the primordial
scalar power spectrum in the NANOGrav frequency band.
A decisive advantage of our PPL ansatz is that it properly

accounts for the level of complexity supported by the NG15
data. As explained in more detail below, our method relies on a
Bayesian model average (BMA; R. van Haasteren 2024) that
weights PPL models with different numbers of frequency
nodes according to their relative Bayesian evidence. This
approach guarantees that our reconstruction of the GWB signal
ends up being sufficiently complex, but not more complex than
necessary. In addition, we will eventually allow all internal
frequency nodes to freely move, such that our final PPL
reconstruction of the GWB signal is sensitive to localized
features in the GWB spectrum. Conversely, in the absence of
such features, our ansatz allows us to constrain local deviations
from a smooth CPL-like spectrum; in practice, this is what we
will find when applying our methodology to the NG15 data. In
summary, the two characteristic properties of our approach—a
data-driven level of complexity and sensitivity to local features
(i.e., local constraining power)—distinguish our ansatz in this
work from other physics-agnostic reference models in the
literature, such as the CPL or RPL model and the free spectral
model.
The rest of the Letter is organized as follows. In Section 2,

we will introduce our framework for the reconstruction of the
GWB, specifically, our set of PPL models. In particular, we
will distinguish between BINNED and FREE versions of our
models, in which the locations of the internal node frequencies
are either kept fixed or allowed to vary. In Section 3, we
subsequently describe our Bayesian fit to the NG15 data and
discuss in turn our main results: first, our results for the
individual PPL models and then our results for the BMA over
these models. Finally, in Section 4, we give a brief outlook on
how the output of our analysis could be used for refitting
analyses in future work, before we conclude in Section 5. The
busy reader may directly skip to Figure 1, which shows the
main result of our analysis: our final PPL reconstruction of
the GWB signal in the NG15 data, alongside the standard
NG15 violins.

2. Framework and Models

2.1. GW Power Spectrum and Spectral Index

A GWB induces extra timing delays in the TOAs of the
observed pulsars whose covariance can be expressed in terms
of the timing-residual cross-power spectrum. For a stochastic,
Gaussian, stationary, isotropic, and unpolarized signal in
standard Einstein gravity, one finds

S f
S f

f6
. 1ab ab

hGWB
2 2

( ) ( ) ( )=

Here, Γab is the cross-correlation coefficient for the pair of
pulsars a and b, which follows from evaluating the HD overlap
reduction function at the angle ξab, i.e., the angular separation
of a and b in the sky,

x x
x

1
3

2
ln

4

1

2
, 2ab ab ab ab

ab( ) ( )= + +

where xab is shorthand for x 1 cosab ab
1

2
( )= . The spectral

composition of the signal is accounted for by the GW strain
power spectrum Sh,

73 which can be related to the characteristic
GW strain amplitude

h f f S f2 , 3c h( ) ( ) ( )=

or, alternatively, to the GW energy density power spectrum
h2ΩGW, which measures the fractional GW energy density per
logarithmic frequency interval in units of the critical energy
density of the present Universe, ρcrit,

h f
d f

d f

f S f

H h

1

ln

4

3
. 4h2

GW
crit

GW
2 3

0
2

( ) ( ) ( )
( )

( )
/

= =

Here, H0 is the Hubble constant and h its dimensionless
version, H0 = 100 h km s−1 Mpc−1. Consequently, H0/h is just
a constant factor that has the units of a frequency, and h2ΩGW

is independent of the observed value of H0.
Our goal in this Letter is to work out a spectral

characterization of the GWB signal in the NG15 data, which
can be done equally well in terms of Sh, hc, and h

2ΩGW. For
definiteness, we will present all of our results in the following,
in terms of h2ΩGW, which represents the standard choice in
large parts of the cosmology and early Universe literature. In
addition, we will be interested in a reconstruction of the
frequency-dependent index of the GW energy density power
spectrum h2ΩGW,

n f
d h f

d f

ln

ln
, 5

2
GW( ) ( ) ( )=

which is closely related to the spectral index of the timing-
residual cross-power spectrum in Equation (1),

f
d S f

d f
n f

ln

ln
5 , 6ab

GWB

( ) ( ) ( ) ( )= =

where the negative sign in the first identity is a standard
convention. For definiteness and in order to facilitate the
comparison with other parts of the PTA literature, we will

73 In our convention, Sh is normalized such that the variance of the tensor
metric perturbations hij, summed over the two GW polarization states, can be
written as h h df S f4ij

ij
h0
( )= .
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report our results for the spectral index in terms of γ rather
than n in the remainder of this Letter.

2.2. PPL Models

Let us now define the PPL models that our spectral
reconstruction of the GWB is going to be based on. The
simplest PPL model is equivalent to the CPL model,

h f h f
f

f
, 72

GW
CPL 2

GW 0
0

5 1

( ) ( ) ( )=

for some reference frequency f0. This model has two free
parameters: the amplitude of h2ΩGW at the reference
frequency, h f2

GW 0( ), and the spectral index γ1, which takes
the same constant value at all frequencies. In our Bayesian fit
analyses below, we will account for the presence of a GWB
signal in the frequency range from f

Tmin
1

obs
= to f

Tmax
14

obs
= ,

where Tobs denotes the total observing time span,
Tobs = 16.03 yr. This frequency range corresponds to the first
14 frequency bins in the discrete Fourier series that we shall
employ to model the NG15 data. In the simplest PPL model
introduced in Equation (7), but also in all other PPL models,
we will fix the reference frequency f0 that determines the
overall amplitude factor h f2

GW 0( ) at f f0 min= .
The next simplest PPL model describes the GW power

spectrum in terms of a broken power law (BPL),

h f h f

f

f
f f f

f

f

f

f
f f f

,

,

, 8

2
GW

BPL 2
GW 0

0

5

min 1

1

0

5

1

5

1 max

1

1 2

( ) ( )

( )

=

×

which now features one amplitude, h f2
GW 0( ), and two

spectral indices, γ1 and γ2, which describe the power-law

behavior of the GW spectrum at f < f1 and f > f1, respectively.
The frequency f1 marks the position of the spectral break in the
BPL model, i.e., the internal node in this PPL model.
For all PPL models with at least two spectral indices, we

shall distinguish between two model variants in the following:
a BINNED and a FREE version. In the BINNED models, we do
not treat the location of the node frequencies as free
parameters. Instead, we keep them fixed at equidistant
separations on a logarithmic frequency axis in order to set
up equally sized frequency bins spanning the range from fmin
to fmax. In the case of the BPL model introduced above, this
results in what we shall refer to as the PPL2-BINNED model, in
which f f

T0 min
1

obs
= = , f f f

T1 0 2
14

obs
= = , and f f

T2 max
14

obs
= = .

In this model, we thus work with frequency bins for the
spectral index: the frequency-dependent index γ is set to γ1 in
the bin from f0 to f1 and to γ2 in the bin from f1 to f2. By
contrast, in the FREE versions of our PPL models, we allow the
position of the internal node frequencies to vary freely. For the
BPL model introduced above, this results in what we shall
refer to as the PPL2-FREE model, in which only f0 and f2
are kept fixed, but f1 is allowed to vary between f0 and f2.
In summary, this means that the PPL2-BINNED model
features three model parameters, h f , ,2

GW 0 1 2{ ( ) }, while
the PPL2-FREE model features four model parameters,
h f f, , ,2

GW 0 1 2 1{ ( ) }. Note that a similar distinction is not
possible for the CPL model, i.e., the PPL1 model, which does
not feature any internal node. Therefore, when we use model
names such as PPL1-FREE (see the caption of Figure 1) and
PPL1-BINNED (see Section 3.4), it should be kept in mind that
all three names (PPL1-FREE, PPL1-BINNED, PPL1) denote the
same model.
Below, our analysis of the BINNED PPL models will serve as

a warm-up for our analysis of the FREE PPL models. The
BINNED PPL models are slightly easier to handle because of
the lower dimensionality of their parameter space. In
particular, this will allow us to avoid parameter degeneracies,
i.e., flat directions in two-dimensional (2D) marginalized
posterior densities. In addition, the BINNED models are
inspired by related approaches in the literature; see, e.g.,
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Figure 1. Left panel: PPL reconstruction of the energy density power spectrum h2ΩGW for the GWB signal in the NG15 data, based on the BMA of six PPL models
with a fixed number of freely moving internal nodes (PPL1-FREE,... PPL6-FREE). Right panel: same, but for the frequency-dependent spectral index of the energy
density power spectrum, d h d f5 ln ln2

GW/= . Both reconstructions cover the frequency range from F
T1

1

obs
= to F

T14
14

obs
= , where Tobs = 16.03 yr (see the

text for details). In the left panel, we also show the NG15 violins in orange, which represent the amplitude posterior densities for the free spectral model. The lower
end of the violins at higher frequencies follows from the prior density chosen in G. Agazie et al. (2023a).
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C. Caprini et al. (2019), who discuss a method for the spectral
reconstruction of the GWB signal that will be measured by the
Laser Interferometer Space Antenna. The method described by
C. Caprini et al. (2019) also relies on a bin-by-bin power-law
reconstruction of the GWB signal (i.e., a binned PPL
reconstruction) and provides the basis for the dedicated
software package SGWBinner. At the same time, it is clear
that the BINNED PPL models are more restricted than the FREE
PPL models. Our most general and flexible reconstruction of
the GWB signal will therefore be based on the FREE PPL
models, ensuring that the data itself decides where breaks or
features need to be placed on the frequency axis.
Before we move on to the next PPL model, we would like to

comment on an alternative possible parameterization of the
PPL2-BINNED and PPL2-FREE models. In our analysis, we
deliberately construct our parameterization around the spectral
indices γ1 and γ2, as this will allow us to directly reconstruct
the GW power spectrum and its frequency-dependent spectral
index simultaneously. Alternatively, both models can also be
parameterized in terms of the amplitudes at the boundaries of
the frequency band, h f2

GW 0( ) and h f2
GW 2( ), and the

location of the internal node, f h f,1
2

GW 1{ ( )}, where f1 is
either treated as a free parameter (PPL2-FREE) or not (PPL2-
BINNED). The relation between these two possible parameter-
izations is straightforward and directly follows from
Equation (8),

h f h f
f

f
, 92

GW 1
2

GW 0
1

0

5 1

( ) ( ) ( )=

h f h f
f

f
. 102

GW 2
2

GW 1
2

1

5 2

( ) ( ) ( )=

In their reconstruction of the primordial scalar power
spectrum (Planck Collaboration et al. 2016; Planck Collaboration
et al. 2020), the Planck Collaboration works with a parameter-
ization of the second type, i.e., in terms of amplitudes and
frequencies rather than spectral indices and frequencies. From
the perspective of Bayesian inference, both approaches are
equivalent as long as the prior densities of all relevant parameters
are chosen accordingly. In our analysis, we will work, e.g., with
uniform priors on all spectral indices and log-uniform priors on
all amplitudes and frequencies. For appropriately chosen prior
ranges, our analysis can thus be mapped onto an analysis that
parameterizes the GW power spectrum exclusively in terms of
amplitudes and frequencies, and that uses log-uniform priors for
all these parameters.
The next PPL model describes the GW power spectrum in

terms of a doubly broken power law (DBPL),

h f h f
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Again, we distinguish between two versions of the model:
PPL3-BINNED and PPL3-FREE, where the former features four
parameters, h f , , ,2

GW 0 1 2 3{ ( ) }, and the latter six para-
meters, h f f f, , , , ,2

GW 0 1 2 3 1 2{ ( ) }. In the PPL3-BINNED

model, the two internal node frequencies are fixed at f
T1

141 3

obs

/

=

and f
T2

142 3

obs

/

= . Similarly, as in the case of a BPL, we could

switch again to an alternative parameterization purely in terms
of node amplitudes h fi

2
GW( ) and node frequencies fi.

At this point, it is now obvious how to generalize the PPL
models introduced thus far to PPL models with an even larger
number of internal nodes, i.e., to a triply BPL, a quadruply
BPL, etc. For a general PPLn model, featuring in total n
different spectral indices γi with i = 1, ⋯ , n, we can write

h f h f 12
n2

GW
PPL 2

GW 0( ) ( ) ( )=

f

f

f

f
, 13

i

m
i

i m1

1

1

5

1

5i m

( )×
=

when f falls into the interval [fm−1, fm]. The PPLn model
features n such intervals, m = 1, ⋯ , n. In the FREE version of
the model, the internal node frequencies fi with i = 1, ⋯ , n
− 1 are treated as free parameters that are only subject to the
requirement that they be correctly ordered,
f f f f f fnmin 0 1 2 max= = . In the BINNED ver-
sion of the model, on the other hand, all internal frequencies

are fixed at fi T

14i n

obs

/

= . The two nodes at the boundary of the

frequency range are always kept constant in both models,
f

T0
1

obs
= and fn T

14

obs
= . The PPLn-BINNED model thus

features n + 1 parameters, h f , , , n
2

GW 0 1{ ( ) }, while the
PPLn-FREE model features (n + 1) + (n − 1) = 2n para-
meters, h f f f, , , , , ,n n

2
GW 0 1 1 1{ ( ) }.

3. Bayesian Fit to the NG15 Data

3.1. PTA Likelihood and Prior Choices

We are now ready to fit the PPLn-BINNED and PPLn-FREE
models to the NG15 data. This dataset spans a total observing
time of Tobs ≃ 16.03 yr and features pulse TOAs from 68
millisecond pulsars (G. Agazie et al. 2023b). One of these
pulsars was observed for less than 3 yr and is not included in
our analysis. The Bayesian fit framework employed in this
Letter is closely related to the methods used in our earlier
work; see our search for signals from new physics (A. Afzal
et al. 2023) and our fit of the RPL model to the NG15
data (G. Agazie et al. 2025a). In the following, we will
therefore only briefly summarize the key ingredients of our
analysis framework and provide more details only when
certain aspects of our analysis differ from our approach in
earlier work.
The central observables at the heart of our fit analysis are the

NG15 timing residuals, which follow from the observed TOAs
after subtracting the expected TOAs predicted by the
respective timing models. In our Bayesian fit framework, we
model these timing residuals in terms of three different
contributions: (i) linear offsets from the best-fit values of the
timing model parameters, (ii) frequency-independent white
(jitter) noise, and (iii) frequency-dependent red noise. On top,
we model pulse dispersion, again following A. Afzal et al.
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(2023), as a piecewise constant with the inclusion of DMX
parameters (Z. Arzoumanian et al. 2015; M. L. Jones
et al. 2017).
Similar to our earlier work, we marginalize over the timing

model uncertainties and keep the white-noise parameters fixed
at the maximum posterior values that were previously
determined in single-pulsar analyses (G. Agazie et al.
2023f). The physically interesting contributions to the timing
residuals reside in the red-noise terms, which encompass
pulsar-intrinsic red noise and the GWB signal. More
specifically, the GWB signal is represented by a common-
spectrum red-noise term with HD cross-correlation coefficients
Γab. In the limit of trivial cross-correlation coefficients,
Γab → δab, the GWB signal reduces to a common-spectrum
uncorrelated red-noise (CURN) signal. We will come back to
the relation between these two types of signals (GWB and
CURN) in our discussion on Bayes factors below.
We model both types of red noise, pulsar-intrinsic red noise

and the GWB signal, in terms of discrete Fourier series with
harmonic frequencies Fk

k

Tobs
= .74 The intrinsic red noise of

each pulsar is described by a power law, which amounts to two
red-noise parameters per pulsar a: an amplitude Aa

red and a
spectral index a

red. The GWB signal, on the other hand, is
modeled by the timing-residual cross-power spectrum in
Equation (1), which, together with the relation in
Equation (4), can be written as

S f
H h

f
h f

8
. 14ab ab

GWB 0
2

4 5
2

GW( ) ( ) ( ) ( )/
=

Here, h2ΩGW needs to be chosen accordingly to the PPL model
under consideration. Moreover, the GWB contribution to the
discrete Fourier series is only sensitive to the values of Sab

GWB at
f = Fk. We include pulsar-intrinsic red noise at all harmonic
frequencies across the whole NANOGrav frequency band from
F1 to F30, but restrict the GWB signal to the first 14 harmonic
frequencies from F1 to F14. This is consistent with the

observation that the GWB signal in the NG15 data mostly
appears at lower frequencies (G. Agazie et al. 2023a).
We caution that the reconstruction of the GWB signal is

sensitive to the assumptions that go into the modeling of the
pulsar-intrinsic noise. This limitation is, however, a general
issue in PTA data analysis: signal and noise power are partially
degenerate, and an unambiguous separation of the two is
challenging given the strength of the signal in current PTA
datasets. In view of this situation, our best option is to stick to
the modeling assumptions in earlier analyses of the NG15
dataset, in order to make sure that our results can be compared
to the CPL and free spectral reconstructions in G. Agazie et al.
(2023a). In ongoing and future work, we will relax these
assumptions and generalize our reconstruction of the GWB
signal to a broader class of pulsar noise models; see also
J. S. Hazboun et al. (2026) for related work on the NANOGrav
12.5 yr dataset.
The power spectrum in Equation (14), alongside the power

spectrum for pulsar-intrinsic red noise, determines the
covariance matrix of the coefficients in our discrete Fourier
series. We are not interested in the explicit realization of the
red noise in the NG15 dataset, only its stochastic properties
that are described by the parameters (or more precisely,
hyperparameters) entering the covariance matrix. We, there-
fore, marginalize the likelihood for the timing residuals not
only over the timing model uncertainties, but also over the
Fourier series coefficients. This procedure results in the
standard marginalized PTA likelihood (R. van Haasteren &
Y. Levin 2013; L. Lentati et al. 2013), which forms the basis of
our numerical data analysis.
The marginalized PTA likelihood quantifies the probability

L D( ) of the NG15 data D as a function of the hyperpara-
meters θ, which encompass 134 parameters for pulsar-intrinsic
red noise (67 amplitudes Aa

red and 67 spectral indices a
red) as

well as n + 1 GWB parameters in the case of the PPLn-binned
models or 2n GWB parameters in the case of the PPLn-free
models. In our Bayesian fit analysis, we need to combine the
likelihood L D( ) with prior densities for all model parameters
θ. Our choices for these prior densities are summarized in
Table 1. As discussed before, we work with uniform priors for
all spectral indices as well as log-uniform priors for all
amplitude and frequency parameters. In particular, our prior
ranges are chosen large enough such that we are typically able

Table 1
Prior Probability Density Distributions for the FREE Parameters in Our Fit of the PPL Models to the NG15 Data.

Parameter Description Prior Comments

Pulsar-intrinsic Red Noise
Aa

red amplitude log-uniform [−20, −11] one parameter per pulsar a

a
red spectral index uniform [0, 7] one parameter per pulsar a

GWB in the PPLn-binned Models

h
T

2
GW

1

obs( ) amplitude log-uniform [−12, −8] one parameter per PTA

γi with i = 1, ⋯ , n spectral indices uniform [−3, 12] n parameters per PTA
GWB in the PPLn-free Models

h
T

2
GW

1

obs( ) amplitude log-uniform [−12, −8] one parameter per PTA

γi with i = 1, ⋯ , n spectral indices uniform [−3, 12] n parameters per PTA
fi with i = 1, ⋯ , n − 1 node frequencies log-uniform log , log

T T10
1

10
14

obs obs
[ ]a n − 1 parameters per PTA

Note.
a After drawing the node frequencies from this prior density, we needed to sort them according to their size (see the text for more details).

74 Here, we choose a notation that clearly distinguishes between the node
frequencies in our PPL models, fi T

14i n

obs

/
= , and the harmonic frequencies in the

Fourier series, Fk
k

Tobs
= .
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to capture the entire relevant posterior volume in the high-
dimensional parameter space. At the same time, our prior
choice for the spectral indices γi is supposed to reflect that we
consider even smaller or larger indices, i.e., a GW spectrum
scaling like h2ΩGW ∝ f n with n > 8 or n < −7, highly
improbable from a physical perspective. The boundaries of this
prior range are somewhat arbitrary, which represents a typical
issue in Bayesian statistics. On the other hand, our choice for
the γi prior densities is certainly a conservative one, which
allows us to explore the bulk of the posterior density, even in
the presence of parameter degeneracies in the PPLn-FREE
models. Moreover, a second important factor to consider is
that our prior choices are universal across all PPL models
under investigation, which is essential for a fair model
comparison and the determination of meaningful Bayes
factors.
The node frequencies fi are first drawn from log-uniform

prior ranges as indicated in Table 1 and then sorted according
to their size, f1� f2� ⋯ � fn−1, before they are used to
evaluate the GW power spectrum h2ΩGW. At the level of the
posterior density, this algorithm effectively amounts to an
analysis in which we simultaneously explore several identical
copies of the posterior density that are eventually mapped onto
one common posterior density. Consider, e.g., the PPL3
model, which features two break frequencies, f1 and f2. The
posterior density that we would like to explore lives in the
region of the f1–f2 parameter space where f1� f2. We can,
however, continue this posterior density to the region where
f1 > f2 by exchanging f1 and f2 in the likelihood. From this, we
obtain a mirrored copy of the original posterior density in the
second half of parameter space that we can combine with the
original posterior density to obtain one final posterior density.
In short, first drawing the node frequencies from independent
prior ranges as in Table 1 and then sorting them allows us to
avoid a more complicated construction of a multidimensional
prior density that accounts for the correct order of the node
frequencies from the start.
In passing, we also stress that our treatment of the node

frequencies leaves the marginal likelihoods of the PPL models
unaffected, which means that it does not distort the Bayes
factors that we will need later on in our analysis. Indeed, for
PPLn and n� 3, our analysis operates on (n − 1)! copies of the
relevant parameter space volume. But at the same time, we
renormalize the prior density for the internal node frequencies
fi, such that it integrates to unity, not on the initial parameter
space where all node frequencies are sorted, but on the whole
enlarged parameter space. This introduces a factor of

n

1

1( ) !
at

the level of the prior density, which cancels the (n − 1)! factor
in the parameter space volume. In practice, this cancellation
takes place automatically. We simply have to make sure that
the prior density for the internal node frequencies fi is

normalized to unity on the full log , log
T T

n

10
1

10
14 1

obs obs

hypercube, which is exactly what we do in our analysis (see
Table 1).
With the PTA likelihood and prior choices in Table 1 in place,

we are now ready to sample from the posterior densities of our
PPL models. We do so using standard Markov chain Monte Carlo
(MCMC) techniques (J. Ellis & R. van Haasteren 2017) provided
by the software package PTArcade (A. Mitridate et al. 2023), a
wrapper for ENTERPRISE (J. A. Ellis et al. 2019) and
ENTERPRISE_EXTENSIONS (S. R. Taylor et al. 2021). Our
main results presented below are based on MCMC runs in

PTArcade’s enterprise mode, i.e., Bayesian fits based on the
PTA likelihood for the timing residuals. However, for testing and
validation purposes, we also make use of PTArcade’s ceffyl
mode that allows one to perform Bayesian fits based on a
factorized likelihood that is induced by the posterior densities of
the free spectral model (i.e., by the NG15 violins) (W. G. Lamb
et al. 2023).

3.2. Results and Discussion: Individual Models

The results of our Bayesian fits at the level of individual
PPL models are shown in Figures 2, 3, and 4. In Figure 2, we
present what we refer to as the Ω-PPL and γ-PPL bands for all
of our BINNED and FREE models. Slicing these bands at a
given frequency, one obtains the distributions of h2ΩGW and γ
values at this frequency that are induced by the posterior
density in the GWB parameter space. In practice, we construct
all Ω-PPL and γ-PPL bands from our MCMC chains as
follows: For a given model, we first pick a large number of
MCMC samples. Each sample corresponds to a choice of
GWB parameters, which in turn fix the precise form of the
GWB spectrum. From this spectrum, we then read off the
h2ΩGW and γ values at any given frequency. Repeating this
procedure for all selected MCMC samples thus results in
distributions of h2ΩGW and γ values at all frequencies of
interest. The 68% and 95% bands in Figure 2 specifically mark
the boundaries of the median credible intervals of 68% and
95% probability in these distributions at each frequency.
In our description of the NG15 timing residuals, the GWB

component is only present at frequencies between f
Tmin
1

obs
=

and f
Tmax
14

obs
= . Correspondingly, the Ω-PPL and γ-PPL bands

are only well defined in this frequency range, which we
indicate by darker colors in Figure 2. Meanwhile, at smaller
and larger frequencies, we extrapolate our results, which we
indicate by lighter colors in Figure 2. In practice, we construct
these parts of our Ω-PPL and γ-PPL bands by a slight
extension of our spectral models, assuming that the GWB
spectrum maintains its power-law shape with spectral index γ1
even below fmin and its power-law shape with spectral index γn
even above fmax. In the case of the Ω-PPL bands, the resulting
extrapolation highlights the behavior of the bands around fmin
and fmax and the trend in the bands beyond these frequencies.
In the case of the γ-PPL bands, on the other hand, the resulting
extrapolation simply reflects our underlying assumption,
namely, that the spectral index remains fixed at γ1 for
f fmin< as well as fixed at γn for f fmax> . In all cases, the
extrapolated parts of the Ω-PPL and γ-PPL bands serve as a
useful visual aid. However, beyond that, they contain no new
information, which is why we include them in Figure 2 for
purely illustrative purposes.
Next, let us compare our results for the BINNED and FREE

models. In the case of our simplest model, PPL1, we find
identical results by construction. As mentioned before, PPL1-
BINNED and PPL1-FREE denote one and the same model,
simply because PPL1 features no node frequency that could
either remain fixed or vary freely. In fact, our results for PPL1
are in one-to-one correspondence with the results for the CPL
fit to the NG15 data presented in G. Agazie et al. (2023a),
where this model is referred to as the HDγ model. The Ω-PPL
band for PPL1 in Figure 2 contains the same information as the
blue band labeled “power-law posterior” in Figure 1(a) of
G. Agazie et al. (2023a), and the γ-PPL band for PPL1 in
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Figure 2 represents the same posterior density as the γGWB
posterior density in Figure 1(b) of G. Agazie et al. (2023a).
For all other PPL models, the results of the BINNED models

differ from those of the FREE models. In the case of the
BINNED models, the Ω-PPL and γ-PPL bands in Figure 2
clearly reflect the fixed frequency bins entering the construc-
tion of the models, which always remain the same, no matter
the choice of GWB model parameters. In the case of the FREE
models, on the other hand, all boundaries between frequency
bins are washed out, as the internal node frequencies are
allowed to move around. Despite these differences, it is

apparent from Figure 2 that the Ω-PPL and γ-PPL bands for
the BINNED models represent reasonable (literally, binned)
approximations of their respective counterparts in the FREE
models.
All PPL reconstructions of the GWB spectrum are also

consistent with the NG15 violins, which we show on top of
each Ω-PPL band in Figure 2. In particular, one can ignore the
fact that some Ω-PPL bands extend to lower amplitudes than
the NG15 violins around fmax; the NG15 violins are simply cut
off from below by a prior bound that rises like f 5 in units of
h2ΩGW.
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Figure 2. Ω-PPL and γ-PPL bands for all individual BINNED and FREE models considered in this work (see the text for details).
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The γ-PPL bands for the BINNED models allow us to
construct what may be called γ violins; see the gray violins in
Figure 2. These γ violins represent the marginalized posterior
densities for the spectral indices γi in the BINNED models. In a
sense, these violins can thus be regarded as the equivalent—at

the level of the index rather than the amplitude of the GWB
spectrum—of the NG15 violins in the free spectral model.
Furthermore, we observe that, at frequencies close to fmax, the
γ-PPL bands in both the BINNED and FREE models often
saturate the upper boundary of the γi prior range (see Table 1).
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Figure 3. Corner plots for the BINNED models. Parameter regions shaded in darker and lighter colors correspond to 68% and 95% credible regions, respectively. At
the top of each column, we state median values and 95% equal-tailed credible intervals.
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This observation reflects the lack of constraining power of the
NG15 data at larger frequencies, which is consistent with the
behavior of the Ω-PPL bands and the NG15 violins at larger
frequencies.

The posterior densities for the actual GWB model
parameters, i.e., h f , , , n

2
GW 0 1{ ( ) } in the BINNED models

and h f f f, , , , , ,n n
2

GW 0 1 1 1{ ( ) } in the FREE models, can
be found in Figures 3 and 4. These figures present corner plots,
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Figure 4. Corner plots for the FREE models. Parameter regions shaded in darker and lighter colors correspond to 68% and 95% credible regions, respectively. At the
top of each column, we state median values and 95% equal-tailed credible intervals.
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featuring one-dimensional (1D) marginalized posterior den-
sities in the plots on the diagonal as well as 2D marginalized
posterior densities in the off-diagonal plots, for all PPL models
of interest. Again, the corner plots for PPL1-FREE and PPL1-
BINNED are identical by definition. For all other models, we
notice several differences.
The posterior densities in the BINNED models are all well

converged and mostly unimodal. In particular, no 2D margin-
alized posterior density exhibits a flat direction that could in
principle be continued far beyond the boundaries of our prior
ranges. The posterior densities of the BINNED models are
therefore well behaved, which underlines the utility of these
models, despite the fact that we merely regard them as an
intermediate step in the construction of the FREE models. The
situation in the FREE models is more complicated. For these
models, multimodal distributions are more common, and
parameter degeneracies often result in flat directions that
extend all the way up to the boundaries of the prior ranges.
Nonetheless, the 1D marginalized posterior densities in
Figure 4 indicate that our MCMC chains cover the most
relevant regions of the GWB parameter space, which justifies
our prior choices in Table 1. Finally, we note that the 2D
marginalized posterior densities for pairs of node frequencies
(in all FREE models with at least two node frequencies) reflect
the correct ordering of the internal node frequencies,
f1� f2� ⋯ � fn−1. In the PPL3-FREE model, e.g., the 2D
marginalized posterior density for flog10 1 and flog10 2 is only
nonzero when the two frequencies are correctly ordered,
f1� f2.

3.3. Bayesian Model Comparison and Average

Our central goal in this Letter is to perform a Bayesian
average over the results for the individual PPL models. To this
end, we need to carry out a Bayesian model comparison that
allows us to determine appropriate weights (probabilities)
Pn = P(PPLn|D) for each PPL model. According to Bayes’
theorem, these model probabilities can be expressed in terms
of marginal likelihoods (model evidences) L D nPPL( ) and
model priors π(PPLn),

L

L
P

D n n

D m m

PPL PPL

PPL PPL
. 15n

m

( ) ( )
( ) ( )

( )=

Then, if we assume equal prior probability for all models, Pn
can be written as a normalized marginal likelihood,

L

L
P

D n

D m

PPL

PPL
, 16n

m

( )
( )

( )=

which is sometimes referred to as relative evidence. Next, we
can divide by the marginal likelihood of the PPL1 model and
express Pn in terms of Bayes factors,

B

B
B

L

L
P

D n

D
,

PPL
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m m
n

1

1
1
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In the following, we shall use product-space sampling
methods (B. P. Carlin & S. Chib 1995; S. J. Godsill 2001;
S. Hee et al. 2016) in order to compute Bayes factors. Product-
space sampling, however, works best for similar models that
provide fits of the data of comparable quality. Therefore,
instead of evaluating the Bayes factors Bn1 directly, we first
rewrite them in two steps that prove advantageous from the

perspective of our numerical analysis. First, we make use of
the fact that Bayes factors are transitive, which means that Bn1
can be written as a product of Bayes factors Bk k 1 for pairs of
successive PPL models,

B B . 18n
k

n

k k1
2

1 ( )=
=

The BINNED and FREE PPLk and PPLk − 1 models differ by
only one and two parameters, respectively, which facilitates
the evaluation of the Bayes factors Bk k 1. However, we still do
not compute Bk k 1 directly. In a second step, we distinguish
between HD and CURN versions of the PPLk and PPLk − 1
models and write

B
B

B
B . 19k k

k

k
k k1

HD CURN

1
HD CURN 1

CURN ( )
/

/
=

Here, Bk k 1 assumes HD cross correlations in Equation (14)
for both models, PPLk and PPLk − 1, whereas Bk k 1

CURN assumes
no cross correlations (Γab → δab) in Equation (14),

B
L

L

D k

D k

PPL , CURN

PPL 1, CURN
. 20k k 1

CURN ( )
( )

( )=

In that sense, Bk k 1
CURN is the CURN analog of the Bayes factor

that we are actually interested in, Bk k 1. Meanwhile,
Bk

HD CURN/ compares the marginal likelihoods of PPLk in its
HD and CURN versions, respectively,

B
L

L

D k

D k

PPL , HD

PPL , CURN
. 21k

HD CURN ( )
( )

( )/ =

With these ingredients at our disposal, we are now ready to
apply product-space sampling, which effectively turns model
selection into a parameter estimation problem. Specifically, in
order to compute Bk k 1

CURN, we sample the union of unique
parameters of PPLk and PPLk − 1 in their CURN versions,
alongside an indexing parameter that activates the selected
parameter space and likelihood model. Bk k 1

CURN is then given by
the ratio between the number of samples collected for
each model. Furthermore, we make use of likelihood
reweighting (E. Payne et al. 2019; S. Hourihane et al. 2023),
which applies the idea of importance sampling (J. S. Liu 2008;
C. Robert & G. Casella 2010) to the problem of likelihood
evaluation, in order to evaluate the Bk

HD CURN/ Bayes factors. In
this way, we are able to avoid product-space sampling in this
step of our analysis, which would be prohibitively costly
because of the HD likelihood entering Equation (21).
In principle, there are two use cases for likelihood

reweighting: this technique allows one to model a target
posterior by reweighting an approximate posterior, and it
yields an estimate of the corresponding Bayes factor. In our
case, we shall use likelihood reweighting solely for the latter
purpose, i.e., for computing Bk

HD CURN/ . To do so, we evaluate
the likelihood of PPLk in its HD version on the accepted
samples for PPLk in its CURN version that we obtain from our
product-space sampling runs. For each sample, we thus obtain
a weight factor,

L

L
w

D k

D k

, PPL , HD

, PPL , CURN
. 22i

i

i

( )
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( )=
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In the CURN versions of the PPL models, we assume the same
prior densities as in their HD versions, which allows us to
compute Bk

HD CURN/ as the sample mean of the weight factors
wi (S. Hourihane et al. 2023). We stress once more that this is
the only part of our analysis in which we resort to likelihood
reweighting. All other results for the PPL models in their HD
version, in particular all results in Figures 2, 3, and 4, are based
on Bayesian MCMC fits employing the full HD likelihoods.

3.4. Results and Discussion: Averaged Models

Our results for the Bayes factors Bn1 and model probabilities
Pn are shown in Figure 5 and listed in Table 2. The central
values and error bars correspond to mean values and standard
deviations that we compute using statistical bootstrapping
methods (B. Efron & R. Tibshirani 1986). As evident from our
results, the NG15 data is best fitted by the PPL1 model: adding
more complexity by introducing further power-law segments
results in a decreasing Bayes factor Bn1. This observation
reflects our expectation and justifies the construction of BMAs
over a finite number of individual PPL models.
At face value, the preference for the PPL1 model may not

appear very significant—Bayes factors between 1

2
and 1

3
or so

are “barely worth mentioning” on the Jeffreys scale (H. Jeffreys
1939). We, however, emphasize that our models are nested,
which means that a model with n + 1 spectral indices is always
able to reach at least the same likelihood values as a model
with only n spectral indices. At the likelihood level, we
therefore actually expect an increase in the quality of the fit to
the data from model to model. A decrease in the Bayes factor
can only result from an “Occam penalty,” i.e., from the
increased dimensionality of the parameter space and the prior
volume therein, which is what we see in Figure 5. We
therefore conclude that PPLn models with n > 1 fail to
significantly improve over the PPL1 model at the level of the
likelihood, but at the same time receive a penalty due to their
larger number of parameters.
This conclusion is supported by our findings in Figure 2: for

frequencies roughly between F
T1
1

obs
= and F

T10
10

obs
= , the

Ω-PPL and γ-PPL bands of our models are similar to what
we obtain for PPL1. Consider, in particular, the 68% γ-PPL

bands for the FREE models, which remain rather flat at f ≲ F10:
slicing these bands in the horizontal direction by setting the
frequency-dependent spectral index γ to a constant value
between, say, 2 and 4 is always guaranteed to result in a good
fit of the data. Consequently, models with several spectral
indices (γ1, γ2, etc.) will always yield a good fit of the data in
the special case where these indices are set to the same value,
γ1 = ⋯ γn, i.e., in the limit of a PPL1-like spectrum.
At the same time, the Bayes factors Bn1 in Table 2 provide

no statistical grounds to reject any PPLn model with n > 1. In
summary, this means that the NG15 data is well fitted by the
PPL1 model, but more complex models with two or more
PPLs are not excluded, justifying once more our BMA
approach. Indeed, in our analysis, we consider all viable PPLn
models up to n = 6. For larger values of n, the PPLn-free
models would feature at least as many free parameters as the
free spectral model for frequencies up to F14.
In the case of the BINNED models, we observe that the data

disfavors power-law breaks at the fixed node frequencies f1
and f2. If these frequencies are allowed to vary, the
corresponding Bayes factors B21 and B31 are less suppressed.
The gap between the Bayes factors for the BINNED and FREE
models only partially closes when a third internal node
frequency, f3, is added. That is, the BINNED models can only
approximately match the flexibility of their FREE counterparts
starting from PPL4. At the same time, we observe that the
Bayes factors for the BINNED models are always bounded from
above by the Bayes factors for the FREE models.
The model probabilities Pn in Table 2 allow us to construct

the BMA of the Ω-PPL and γ-PPL bands in Figure 2. To this
end, we combine at each frequency f the h2ΩGW and γ
distributions for the individual PPL models, weighting each
model by its respective Pn value,

P h D P P h n DPPL , , 23
n

n
2

GW
1

6
2

GW( ) ( ) ( )=
=

and similarly for the spectral index,

P D P P n DPPL , . 24
n

n
1

6

( ) ( ) ( )=
=

In both cases, we evaluate the model weights Pn at their central
values listed in Table 2. The outcome of our analysis is shown
in Figures 1 and 6. The BMA bands in these figures constitute
the main result of this work. As in Figure 2, all bands in
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Figure 5. Bayes factors Bn1 for the model comparisons PPLn vs. PPL1, both
for the BINNED and FREE models. Normalizing the Bn1 by their sum yields the
model probabilities Pn [see Equation (17), shown here for the FREE models].

Table 2
Bayes Factors Bn1 and Model Probabilities Pn.

Model Bayes Factor Bn1 Probability Pn

PPL1-BINNED 1 0.348 ± 0.017
PPL2-BINNED 0.305 ± 0.031 0.106 ± 0.012
PPL3-BINNED 0.208 ± 0.022 0.072 ± 0.008
PPL4-BINNED 0.612 ± 0.102 0.213 ± 0.037
PPL5-BINNED 0.367 ± 0.062 0.128 ± 0.022
PPL6-BINNED 0.384 ± 0.065 0.133 ± 0.023

PPL1-FREE 1 0.236 ± 0.002
PPL2-FREE 0.887 ± 0.018 0.210 ± 0.005
PPL3-FREE 0.709 ± 0.019 0.167 ± 0.005
PPL4-FREE 0.619 ± 0.019 0.146 ± 0.005
PPL5-FREE 0.452 ± 0.016 0.107 ± 0.004
PPL6-FREE 0.568 ± 0.020 0.134 ± 0.005
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Figures 1 and 6 again indicate the 68% and 95% median
credible intervals of the corresponding posterior distributions
at each frequency f.
In view of our results, several comments are in order. First,

it is apparent that the Ω-PPL-BMA bands are dominated by
their PPL1 contributions. In other words, the overall shape of
the bands is rather straight on log–log axes to first
approximation. There is no pronounced peak structure in the
sense that the bands first rise with a positive spectral index up
to a certain peak frequency and then decline with a negative
spectral index. Similarly, there is no double-peak structure, etc.
This observation is in agreement with the fact that (i) the
model weight for PPL1 is the largest and that (ii) the posterior
densities of the PPLn models with n > 1 receive large
contributions from regions in parameter space where the GWB
spectrum is PPL1-like (i.e., where all spectral indices are
similar). Second, the BMA bands for the BINNED models
reflect again the rigid frequency bins entering the construction
of these models. At the same time, the results for the BINNED
models serve as an approximation of the results for the FREE
models.
Finally, we conclude that the Ω-PPL-BMA bands indeed

provide us with a physics-agnostic reconstruction of the signal
in the NG15 data that assumes a middle role in between the
simple CPL reconstruction and the more conservative free
spectral reconstruction. First of all, our Ω-PPL-BMA bands
allow for the amount of complexity that is supported by the
data. In particular, it is interesting to observe a slight upward
trend around f F

T8
8

obs
= , which is also visible in the NG15

violins (violin #8 is very sharp), but which is not captured by
the CPL reconstruction. While this feature is statistically not
significant, it illustrates the local constraining power of our Ω-
PPL-BMA bands, which enable us to constrain local-in-
frequency deviations from a globally smooth GWB spectrum.
Second of all, our reconstruction of the NG15 signal is more
continuous than the free spectral reconstruction. That is, it
does not allow for large variations in GWB power from
frequency Fk to frequency Fk+1, which better reflects our
physical expectation for a large class of spectral GWB models.

The fact that our PPL reconstructions lead to tighter
constraints on the GWB spectrum than the free spectral model
can also be illustrated as follows. At each frequency Fk

k

Tobs
= ,

we can extract the distribution of h2ΩGW values from the Ω-
PPL-BMA band for the FREE models and use it to construct
what we may refer to as a PPL violin. Together, these PPL
violins result in the Bayesian periodogram for the BMA over
our PPL models. We show this periodogram in Figure 7 and
compare it to the periodogram for the free spectral model, i.e.,
the standard NG15 violins. Clearly, the PPL violins follow the
same trend as the free-spectrum violins. But at the same time,
their extent along the h2ΩGW axis is, in most cases, much
shorter, reflecting their larger constraining power. We there-
fore conclude that, as expected, the NG15 data, in combination
with the additional assumption of a PPL-type GWB spectrum,
lead to stronger constraints on the GWB amplitudes than the
more conservative free spectral model.
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Figure 6. Left panel: PPL reconstruction of the energy density power spectrum h2ΩGW for the GWB signal in the NG15 data, based on the BMA of six PPL models
with a fixed number of equidistant internal nodes (PPL1-BINNED,... PPL6-BINNED). Right panel: same, but for the frequency-dependent spectral index of the energy
density power spectrum, d h d f5 ln ln2

GW/= . Both reconstructions cover the frequency range from F
T1

1

obs
= to F

T14
14
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= , where Tobs = 16.03 yr (see the

text for details). In the left panel, we also show the NG15 violins in orange, which represent the amplitude posterior densities for the free spectral model. The lower
end of the violins at higher frequencies follows from the prior density chosen in G. Agazie et al. (2023a).
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In particular, our Ω-PPL-BMA band for the FREE models
allows us to construct an even larger number of PPL violins.
Thanks to the assumption of a PPL-type GWB spectrum, our
reconstruction of the NG15 signal provides us with h2ΩGW

posterior distributions at every f between fmin and fmax. To
highlight this point, we show 13 additional PPL violins at half-
integer multiples of

T

1

obs
in Figure 7, i.e., in between the violins

at Fk
k

Tobs
= . We emphasize that a similar construction is not

possible in the free spectral model, which, by definition, only
knows about the GWB amplitude at each Fk. In summary, this
means that our PPL construction of the NG15 signal leads to a
more constrained Bayesian periodogram with a finer (in
principle, arbitrarily fine) frequency resolution than the free
spectral model.

4. Outlook: PPL Refits

In the literature, numerous spectral GWB models have been
proposed as possible interpretations of the NG15 signal.
Standard parameter inference on these models requires a
Bayesian MCMC fit to the NG15 timing residuals for each
individual model, which is computationally expensive. There-
fore, in order to facilitate faster model fits to the NG15 data,
approximate refitting techniques have been developed in recent
years.
The ceffyl framework (W. G. Lamb et al. 2023), e.g.,

builds upon the posterior densities for the amplitude
parameters in the free spectral model (i.e., the NG15 violins).
The basic idea behind the ceffyl framework is that the
NG15 violins can be used to construct an induced likelihood
on the parameter space of spectral GWB models. In a given
spectral model, one simply evaluates the 14 GWB amplitudes
h2ΩGW(Fk) for each set of values of the underlying model
parameters and reads off the posterior probabilities of these
amplitudes from the 14 NG15 violins. The product of these 14
probabilities then defines, up to a constant normalization
factor, the factorized ceffyl likelihood. The ceffyl
refitting framework thus consists of two steps: first, one fits,
once and for all, the free spectral model to the NG15 data;
then, in a second step, one refits other spectral GWB models to
the amplitude posteriors obtained in the first step.
A similar idea, but for a simpler physics-agnostic reference

model, was recently proposed in D. Esmyol et al. (2025),
which discusses spectral refits to the RPL model. Again, this
refitting framework consists of two steps: first, one fits, once
and for all, the RPL model to the NG15 data; then, in a second
step, one refits other spectral GWB models to the posterior
density obtained in the first step. Here, an advantage of the
RPL model is the low dimensionality of its parameter space.
While the free spectral model introduces a new amplitude
parameter for each frequency bin, the RPL model features only
three parameters: the amplitude A, the spectral index γ, and the
running of the spectral index β. It is therefore easy to construct
a numerical approximation of the full three-dimensional
posterior density for A, γ, β, e.g., via kernel density estimation
(KDE) applied to the MCMC chain that results from fitting the
RPL model to the NG15 data. On the other hand, it is now less
trivial to map arbitrary spectral GWB models onto the RPL
parameter space, which is where the RPL posterior density
lives. The analysis in D. Esmyol et al. (2025) solves this
problem by introducing a χ2-based matched-filtering approach
that maps every input GWB spectrum to a triple of best-fit A,

γ, and β parameter values, i.e., a best-fit RPL proxy for the
given input spectrum. This map notably allows one to pull
back the RPL posterior density onto the parameter space of the
spectral GWB model, where it can then be used as an induced
likelihood.
The purpose of this short outlook section now is to point out

that, next to refitting spectral models to the free spectral or
RPL model, it would be interesting to refit spectral models to
the PPL models discussed in the present work. As in the other
two cases, the procedure would consist again of two steps:
first, one fits, once and for all, all relevant PPL models to the
NG15 data; then, in a second step, one refits other spectral
GWB models to the PPL posterior densities obtained in the
first step. The present Letter provides a comprehensive
completion of the first of these two tasks. In particular, the
corner plots in Figures 3 and 4 show (marginalized versions
of) the PPL posterior densities that one would need for a PPL
refitting analysis. As in D. Esmyol et al. (2025), one could,
e.g., attempt to construct KDE approximations of the
respective PPL posterior densities, which live in 2n dimen-
sions in the case of the FREE models.
In a second step, one would then need to construct a map

from spectral GWB models to PPL-type spectra. We anticipate
that χ2-based matched filtering might again provide a viable
option. Furthermore, one would need to select not only the
best-fit points in the PPL parameter space, but also the most
appropriate PPL model (CPL, BPL, etc.) to begin with. This
additional model selection may also be accomplished by
comparing the values of a χ2 statistic to each other. For now,
however, we content ourselves with the fact that the posterior
densities obtained in the present work provide the numerical
basis for any PPL refit. We leave a discussion of all remaining
details and the numerical implementation of a complete PPL
refitting framework for future work.
Finally, we conclude by stressing an important conceptual

difference between ceffyl-style refits to the NG15 violins
on the one hand and RPL or PPL refits on the other hand. In
the case of refits to the free spectral model, the input GWB
spectrum is always already contained in the class of spectra
covered by the reference model (i.e., the free spectral model)
by construction—at least under the assumptions of the current
standard PTA analysis pipeline. The point is that, in the
approach followed by G. Agazie et al. (2023a) and A. Afzal
et al. (2023), the map from the spectral model to the reference
model is trivial: the GWB spectrum is simply modeled by a
discrete Fourier series; information in between Fourier
frequencies does not enter the analysis. The GWB spectrum
is therefore exclusively represented by the set of amplitudes
h2ΩGW(Fk), which precisely correspond to the parameters of
the free spectral model. The model-specific amplitudes
h2ΩGW(Fk) thus play the role of the coordinates of the input
spectrum in the parameter space of the reference model. In the
case of RPL or PPL refits, the situation is, by contrast, more
complex. Most input spectra will not correspond precisely to a
specific RPL or PPL spectrum. Hence, in these cases, it is
necessary to first establish a map between models that can then
be used to pull back the posterior density of the reference
model onto the parameter space of the spectral model of
interest. An important implication of this observation is that
we cannot simply refit spectral models to the PPL violins.
Instead, we first have to find the best-fit PPL proxy for a given
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input spectrum, before we can then evaluate the PPL posterior
density at the location of this proxy spectrum.

5. Conclusions

In this Letter, we presented a new physics-agnostic spectral
reconstruction of the signal in the NG15 data that is
complementary to the well-known reconstructions based on
the CPL model, RPL model, or free spectral model. In our
approach, we model the GWB spectrum in terms of a set of
PPLs and then marginalize over the number of PPLs in a
BMA. The final result of this reconstruction is shown in
Figure 1 and can be regarded as the NG15 equivalent of other
similar results in the literature, e.g., the PPL reconstruction of
the primordial scalar power spectrum by the Planck Collabora-
tion based on the Planck 2015 (Planck Collaboration et al.
2016) and Planck 2018 data (Planck Collaboration et al. 2020).
Unlike the CPL reconstruction, our PPL reconstruction of the
GWB spectrum accounts for the amount of complexity
supported by the NG15 data. In particular, it is sensitive to
local features in the GWB spectrum. Conversely, in the
absence of local features, which is what we find for the NG15
data, our reconstruction allows us to constrain local-in-
frequency deviations from a globally smooth GWB spectrum.
At the same time, it offers a more continuous reconstruction of
the GWB spectrum than the free spectrum, which better
reflects our physical expectation, especially from the perspec-
tive of cosmological sources.
Apart from our specific ansatz for the GWB spectrum, our

analysis in this Letter relied on the same modeling assump-
tions as the CPL and free spectral reconstructions of the NG15
signal in G. Agazie et al. (2023a), in particular, the same
treatment of pulsar-intrinsic noise. This approach guarantees
that our Ω-PPL-BMA band in Figure 1 can be compared to the
results in Figure 1(a) in G. Agazie et al. (2023a) in a
straightforward apples-to-apples fashion. In ongoing work, we
are currently investigating customized chromatic noise models
for the individual pulsars in the NG15 dataset and the
consequences of this improved noise modeling for the free
spectral reconstruction of the GWB signal. Beyond this current
analysis, it would be interesting to combine our improved
pulsar noise models with a PPL reconstruction of the GWB
signal in future work.
We also compared the PPL and free spectral reconstruction

of the NG15 signal at the level of their Bayesian periodograms
(see Figure 7), i.e., at the level of their amplitude violins, and
commented on the possibility to use the PPL posterior
densities shown in Figures 3 and 4 in future PPL refit
analyses. In particular, we discussed the ingredients that would
be necessary to set up a complete PPL refitting framework—an
interesting task that we leave for future work. Finally, we
complemented every reconstruction of the GWB energy
density power spectrum h2ΩGW by an analogous reconstruc-
tion of the frequency-dependent spectral index γ. Our final
result for the reconstruction of γ is shown in Figure 1. When
comparing the two panels in this figure, it is important to keep
in mind that the panel for γ does not simply follow from taking
the logarithmic frequency derivative of the Ω-PPL-BMA band
in the left panel. Instead, both the Ω-PPL-BMA band in the left
panel and the γ-PPL-BMA band in the right panel represent
BMAs over distributions of h2ΩGW and γ values, at each
frequency f, that follow from individual PPL spectra.

In summary, we conclude that the PPL reconstruction of the
NG15 signal represents a useful addition to the list of
commonly employed reference models for the GWB, which
motivates us to apply the methodology developed in this work
also to future NANOGrav datasets.
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