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Abstract

Pulsar timing arrays (PTAs) have recently entered the detection era, quickly moving beyond the goal of simply
improving sensitivity at the lowest frequencies for the sake of observing the stochastic gravitational wave
background (GWB), and focusing on its accurate spectral characterization. While all PTA collaborations around
the world use Fourier-domain Gaussian processes to model the GWB and intrinsic long time-correlated (red)
noise, techniques to model the time-correlated radio-frequency-dependent (chromatic) processes have varied from
collaboration to collaboration. Here we test a new class of models for PTA data, Gaussian processes based on
time-domain kernels that model the statistics of the chromatic processes starting from the covariance matrix. As
we will show, these models can be effectively equivalent to Fourier-domain models in mitigating chromatic noise.
This work presents a method for Bayesian model selection across the various choices of kernel as well as
deterministic chromatic models for nonstationary chromatic events and the solar wind. As PTAs turn toward high
frequency (>1 yr~ ') sensitivity, the size of the basis used to model these processes will need to increase, and these
time-domain models present some computational efficiencies compared to Fourier-domain models.

Unified Astronomy Thesaurus concepts: Pulsar timing method (1305); Millisecond pulsars (1062); Gravitational

Hazboun et al.

waves (678); Interstellar medium (847); Solar wind (1534)

1. Introduction

Millisecond pulsars (MSPs) are stable astrophysical clocks
uniquely suited to be used in fundamental experiments
(J. H. Taylor 1992), in particular, the detection of low-
frequency (nHz—pHz) gravitational waves (GWs; R. S. Foster
& D. C. Backer 1990). Recently, pulsar timing array (PTA)
experiments have uncovered evidence for a stochastic
gravitational wave background (GWB; G. Agazie et al.
2023b; J. Antoniadis et al. 2023a; The International Pulsar
Timing Array Collaboration et al. 2024; D. J. Reardon et al.
2023a; H. Xu et al. 2023; M. T. Miles et al. 2024a).

The GWB appears in PTA data as a common red noise (RN)
signal inducing deviations from each pulsar’s individual
timing model, which accounts for the changing pulsar-
observatory line of sight. In addition, there are radio-
frequency-dependent deviations induced by interstellar
propagation effects. The GWB also induces a specific, quasi-
quadrupolar angular correlation signature between the pulsars
of an array, predicted by general relativity (R. W. Hellings &
G. S. Downs 1983).

Although the standard noise model used in NANOGrav
analyses has been shown to be more than sufficient to isolate
the cross-correlation pattern indicative of a GWB (G. Agazie
et al. 2023c¢), it has also been known for some time that there
remains excess noise in individual pulsar datasets. Much of
this noise appears chromatic in nature (M. T. Lam et al. 2017),
contaminating the timing model and reducing each pulsar’s
contribution to the detection of a GW signal. Additionally,
GW signals are highly covariant with intrinsic pulsar red noise
(J. S. Hazboun et al. 2020), which can be produced by a
number of factors, including spin noise (R. M. Shannon &
J. M. Cordes 2010) and dispersion measure (DM) variations
caused by the interstellar medium (M. L. Jones et al. 2017). In

47 NANOGrav Physics Frontiers Center Postdoctoral Fellow.

48 Resident at U.S. Naval Research Laboratory, Washington, DC
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the case of DM variations, we have additional information—
the dependence on radio frequency—which makes it possible
to disentangle these effects from GWs. Yet, at the same time,
imperfect estimation of DM can be its own source of
additional red noise (R. M. Shannon & J. M. Cordes 2010).

In this paper, we introduce time-domain covariance
functions for the stochastic time variations of chromatic time
delays within PTA data. At the same time we investigate how
the replacement of the current chromatic variations model, see
DMX (M. L. Jones et al. 2017), has on the dataset.

Note that throughout this paper, when we refer to frequency,
f, we are talking about the fluctuation frequency of the TOAs,
i.e., the frequencies that would be associated with a Fourier
transform of the timing residuals and what would be associated
with GW frequencies. We will explicitly refer to “radio
frequency,” v, when we discuss the observation frequency of
the TOAs at a radio telescope.

2. Data

NANOGrav’s 12.5yr dataset includes observations of 47
pulsars made between 2004 July and 2017 June (Z. Arzoumanian
et al. 2020b). All observations were taken with either the
305 m Arecibo Observatory (AO) or the 100 m Green Bank
Telescope (GBT). AO was utilized for all pulsars that lie
within its decl. range (0° < § < +39°), while GBT observed
the pulsars outside of that decl. range, in addition to PSR
J1713+0747 and PSR B19374-21. Most pulsars were observed
approximately once per month, with six pulsars observed
weekly as part of a high-cadence campaign that started in 2013
at GBT and 2015 at AO. When possible, pulsars were
observed with two different wide-band receivers covering one
higher and one lower radio frequency range in order to have
sufficient sensitivity to pulse dispersion due to the interstellar
medium (ISM). At AO, pulsars were observed using the
1.4 GHz receiver plus either the 430 MHz or 2.1 GHz receiver,
depending on the pulsar’s timing characteristics.*” At GBT,
observations were taken using the 1.4 GHz and 800 MHz
receivers. However, the separate frequency ranges were not
observed simultaneously; instead, a few days separated the

49 Early observations of PSR J2317+1439 also used the 327 MHz receiver.
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Table 1
Preferred Noise Model for Each Pulsar

Pulsar T (yr) dt (days) DM (v~?) Kernel Chromatic (%) Kernel Deterministic Signals
B18554-09 12.48 15 SE QP

B1937+21 12.77 3 QP + QP SE

J003040451 12.43 15 QP QP
J0613—0200 12.25 15 QP AV, Dip (v
J0645+5158 6.05 7 SE QP
J1012+45307 12.86 15 QP SE

11024—0719 7.68 15 SE

114553330 12.88 7 Ridge

J1600—3053 9.64 15 QP_RF QP
11614—2230 8.75 15 QP SE AV
11640+2224 12.35 15 QP SE
J171340747 12.43 3 QP_RF QP Dip (v 3), Dip (v %)
J1738+4-0333 7.61 15 SE SE
J1741+1351 5.88 15 SE

117441134 12.88 15 SE SE

119093744 12.69 15 QP QP

J1910+1256 8.30 15 SE

12010—1323 7.76 15 QP
1204341711 5.95 15 QP Cusp (v~ 2), Cusp (v
1231741439 12.53 15 QP SE Cusp (v 2)

observations. A detailed discussion of the dataset can be found
in Z. Arzoumanian et al. (2020b).

The standard model used for time-varying chromatic delays in
this dataset, and all NANOGrav datasets, is referred to as DMX.
The DMX model fits for variations to the DM, the integrated
electron density along the line of sight to a pulsar, using all times
of arrival within a set bin of time (M. L. Jones et al. 2017). The
bin sizes vary from ~1 hr to 1 week long and are tuned to fit at
least two receiver bands of times of arrival (TOAs) in a given bin
to increase the precision of the time-varying DM.

In this work, we investigate the chromatic noise character-
ization for 20 of those pulsars (see Table 1). These pulsars
were chosen due to a combination of a variety of factors:
including their sensitivity to the common red noise process
(described by their dropout factor, see Z. Arzoumanian et al.
2020a for more information), their observing timespan, and the
presence of known excess noise features, among others.
Ultimately, this work is not an exhaustive search of the entire
12.5 yr dataset, but rather, it is an exploration of new time-
domain chromatic models as well as an introduction to new
methods for Bayesian model selection.

3. Models

Gaussian processes (GPs) have been used in PTA data
analysis for years (L. Lentati et al. 2013; R. van Haasteren &
M. Vallisneri 2014) and are now a common feature of PTA
data analysis pipelines (A. D. Johnson et al. 2024). In this
context, GPs are used to model pulsar timing residuals,
stochastic noise processes in the data, and the GWB.
Historically, Fourier-domain GP kernels have been used,
which we review in Section 3.1. This work also introduces
time-domain kernels in Section 3.2, which we apply to model
chromatic processes such as DM variations. The commonality
between both implementations is a rank-reduced formalism
where the signal model for our timing residuals, s(7), is
represented as a linear model s(f) = Fa, where a is a set of
coefficients of the model and F is a design matrix mapping
said coefficients to the full time-domain signal via a set of

basis functions. The full-rank time-domain covariance of the
signals is then C = F¢F”, where the ¢ matrix gives the
reduced-rank covariance of the coefficients (¢ = (aa’)),
leading to more efficient matrix inversions via the Woodbury
matrix identity. Throughout this work, F and ¢ may be defined
differently depending on the model.

3.1. Fourier-domain Models

Timing residuals induced by an astrophysical GWB should
have a power spectral density (PSD) approximately following
a power-law form,

2 (1]

SU) = —=| =+ :
e 12770\ fye) Hz

ey

where A and 7 are the spectral amplitude and index
parameters, f is spectral frequency, and f,, is the inverse of 1
yr. Any generic v > 1 signal may be considered a red noise
process, while ygwg = 13/3 is the expected value for a GWB
from a population of circular supermassive black hole binaries
(E. S. Phinney 2001). As such, it is standard in PTA data
analyses to model red noise as a GP using a truncated Fourier
basis with coefficients drawn from the power-law PSD as a
prior function. Under the rank-reduced formalism, F is a
Fourier design matrix with basis elements

cos(27rfj/2 1)
v Sin(27f; 12 1)

for even j,

for odd j, @
given a set of linearly spaced frequencies f; = (j + 1)/T for
J € [0, Ny — 1], where T is the timespan of the dataset and Nf/ T
is a high frequency cutoff. Meanwhile, @ encodes a set
of Fourier coefficients, and the PSD is used to set priors on
their variances, ¢ = S(f)6x/T, allowing use of Equation (1)
for GP modeling of signals and noise. Another common
choice is the “free spectral” prior, where the variances at each
distinct frequency are sampled as independent parameters
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(J. S. Hazboun et al. 2020). These models assume no
correlations between coefficients or frequencies, i.e., they are
diagonal, though very recent work (M. Crisostomi et al. 2025)
has begun to look at nondiagonal kernels in the Fourier domain.

For achromatic noise, we typically set Ny= 30 as this covers
the expected frequency range for low-frequency GWs, and the
power law most often decays below the white noise (WN)
level beyond Ny > 30 (G. Agazie et al. 2023c). Additionally,
the power-law Fourier basis GPs have been used extensively
for modeling chromatic noise such as DM variations,
implemented by including a r-dependent term in the basis
(e.g., L. Lentati et al. 2016; B. Goncharov et al. 2021;
A. Chalumeau et al. 2022; M. T. Miles et al. 2023; F. Iraci
et al. 2024; B. Larsen et al. 2024). However, chromatic signals
can exhibit complicated trends over time, which may not be
straightforward to model in the Fourier domain, meaning
either deviations from a power-law form or very large values
of Ny may be required for accurate modeling (S. Chen et al.
2025). To account for this and introduce additional flexibility
for chromatic noise modeling, we next introduce GPs whose
bases and priors are defined in the time domain.

3.2. Time-domain Models

Some processes have temporal correlations that can
straightforwardly be modeled directly in the time domain. To
do so, we define a coarse-grained time-domain basis with
nodes that are separated by a fixed number of days (df).
Processes defined in this coarse-grained basis are transformed
to the full-rank time series through linear interpolation. To
illustrate, consider our signal s(¢;) at the ToA ¢ as the
interpolation of the underlying stochastic signal a between
preceding time t;l and a following time t.i/z with spacing dt,

/ /
(), — waj + (6 — t5)a),
dt

s(t) = 3)

Since s(?) is linear with respect to a, it is given as the matrix
equation s(f) = Fa, where F is now the linear interpolation
design matrix (as opposed to the Fourier design matrix).
Defining our linearly spaced grid t]( = min(t) + j - dt for
J € [0, [T/dt]], F follows from Equation (3) as

! .
o — 1 ifr] <4 <ty
e — — / . / !
K St <6<y )
0 elsewhere.

Additionally, we remove any empty columns of F that result
when gaps between TOAs are larger than 2dr. Here, the
hyperparameter dt plays a similar role as Nyin the Fourier basis
by determining both the high-frequency resolution of the
model as well as the number of basis functions and resulting
computational cost. Our default basis is df = 15 days, but some
pulsars require more fine-grained bases, as discussed in
Section 7.1.1. Linear interpolation has previously been
used for DM modeling by M. J. Keith et al. (2012), while
in the formalism of GPs, models using linear interpolation
bases have also been developed by H. Deng et al. (2023)
and M. Crisostomi et al. (2025) for GW analyses and by
I. C. Nitu et al. (2024) for solar wind analyses (although the

Hazboun et al.

N ;=1000

Basis Size

100 ——
:Max DMX Bin Size =
| | | | | |
5 10 15 20 25 30

dt [days]

Figure 1. Time-domain basis size compared to Fourier-domain basis size.
The blue line indicates the scaling of the Fourier basis size vs. df, given the
high-frequency cutoff f,  =2/dt and Ny = f, ., T, while the black lines show
how the time-domain basis size scales vs. dt for different pulsars from the
12.5 yr dataset.

latter work’s version of linear interpolation is slightly
different, using “triangular” basis functions).

In practice, the reduced-rank time-domain basis scales up to
higher frequencies (shorter timescales) more efficiently than the
classical Fourier basis models. Figure 1 illustrates this effect
using the pulsars in the 12.5 yr dataset—the time-domain basis
with resolution df always uses a smaller basis size/fewer GP
coefficients than the Fourier basis with Ny = 2/dr. The
improvement in efficiency largely results from the removal of
empty columns in F and therefore depends on the pulsar’s data
cadence. For some pulsars, the time-domain basis size is an
order of magnitude smaller than the Fourier basis size. Given
the time to invert the covariance matrix scales as the cube of the
basis size, this therefore may net up to ~1000 times more
efficient inversions for a given resolution df.

We primarily use this time-domain basis to describe
DM and other chromatic ISM effects. As such, the basis
matrix, F, will have an additional multiplicative factor of
(v/1400 MHz) * for each element, where X is the chromatic
index that takes different values depending on the particular
ISM mechanism causing the arrival time variation. For
DM, x = 2 (M. J. Keith et al. 2012; R. van Haasteren &
M. Vallisneri 2014), while for the additional “chromatic”
kernel, we choose y = 4 as a proxy for delays that could be
induced by scattering (K. R. Lang 1971).

Finally, under the linear interpolation basis, ¢ now
corresponds to a reduced-rank time-domain covariance matrix.
This allows the use of a kernel k(#, t;) as a prior over ¢,
where various kernels may encode different assumptions than
the typical Fourier basis + power-law spectral model
(Equation (1)). Next, we introduce the various kernels we
consider for chromatic processes in different pulsars.

Ridge. Ridge regression can be described as a diagonal
kernel with coefficients described by a Gaussian prior:

kiiage (tx, t1)= 06x, )

where o is an overall variance and 6y, is the Kronecker delta
function between nodes k and [ in the linear interpolation basis.
In this model, the assumptions are that the delay is
uncorrelated epoch-to-epoch and that the amplitude of the
delay is finite. This kernel is equivalent to a white noise prior
in the Fourier domain, as such it is best suited to model short
timescale processes. When used for DM, the ridge kernel is
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also similar to the standard DMX model as they are both
uncorrelated epoch-to-epoch, but the ridge kernel differs
because the DMX model places no constraints on the prior
variance. As such, the ridge kernel may be less prone to
unphysical covariances with other stochastic signals such as
chromatic noise due to scattering.

Squared Exponential (SE). The SE kernel is well-suited to
modeling either short or long timescale variations and is
represented as

ksg(tr, )= o2 ex P +(L)25 (6)
SEUk, U p 22 500 k-

This introduces the parameter ¢, which is a length scale over
which the delay will be correlated. The second term is a small
regularization factor along the diagonal, which helps ensure
stable inversions of the ¢ matrix for large values of £. The 500
ensures that the regularization is small compared to the value
of o and is unitless. One could choose slightly smaller or larger
values with very little effect in the models or parameter
recoveries. The SE kernel reduces to the Ridge kernel as the
parameter ¢ tends to zero.

Rational Quadratic (RQ). The rational quadratic kernel
expands on the squared exponential kernel and is designed to
capture both long and short timescale variations:

kro(ti, )=0c*|1 + = af o + (L)zé @)
RQUks ¢ 2[22aweight 500 kl-

Here, cyeign: controls the relative weighting of long and short
timescale variations. The RQ kernel favors short timescale
variations as Queigne becomes very large, reducing to the SE
kernel with parameters o, ¢,. Meanwhile, the RQ kernel
approaches a uniform long-timescale variance across all TOAs
a8 Qlyeight tends to zero. In this work the RQ kernel is only used
for radio-frequency correlations in the QP_RF kernel (see
Section 3.3); however, the ability of this kernel to model short
and long timespan fluctuations means that it has a lot of
potential for use in other contexts.

Quasi-periodic (QP). Some DM variations can exhibit
periodicity that evolves and changes over time (M. L. Jones
et al. 2017; D. R. Madison et al. 2019). The quasi-periodic
kernel is the combination of a squared exponential kernel
(capturing long-timescale variation) and a periodic kernel:

2
o
kop(tx, t)) = —— | 6w + ks (tx, t)kp(t, 1,
op(lk, 1) (500) ki se(tx, 1) kp (1, 1)

oV |t — 1
(=) 6y + o2exp| et
(500) U Y2

X exp(f‘p sin? (Ltk — tll)), 8)
P

where the last line defines kp(#, t;), p is the periodicity of
variation, I', controls the relative weighting of periodicity
versus long-timescale variation, and the remaining parameters
(o, ?) are inherited from the SE kernel. This model of temporal
correlation is locally periodic, allowing the shape of the
repeating part of the process to change over time. The QP
kernel also reduces to the SE kernel as I, tends to zero. More
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details regarding the QP kernel and its relation to the PSD in
Fourier space in given in Appendix A.

3.3. Multidimensional Models

The previous models all assume there is no r-dependence,
other than an overall scaling proportional to v~ X. Here, we
introduce kernels that are multidimensional along both the
time and radio-frequency axes. In general, we can define any
kernel as a function of time and radio frequency,
k(te, 1, Vs V,); however, it is simpler to use a kernel that is
separable so we are able to utilize the kernels we have
previously defined:

k(tka 1, Uy Vn) = k(tk’ tl)k(ymy Vn)- (9)

In this way, we can attempt to model the “frequency dependent
DM?” introduced in J. M. Cordes et al. (2016), which arises if
multipath propagation induced by wv-dependent refraction
causes different radio frequencies of the pulse to sample
regions of the ISM with slightly different free electron
densities. In J. M. Cordes et al. (2016), the kernel is not
factorizable, and the radio frequency dependence is nonsta-
tionary; however, we can approximate this using a mixture of
the aforementioned kernels here. This leads to our final kernel
definition.

3.3.1. Quasi-periodic with Radio Correlations (QP_RF)

We use a QP kernel for the temporal correlations and an RQ
kernel for the radio-band correlations,

kQP_RF(tb 1 Vi, Vn) = kQP(tlo tl) kRQ(Vnu Vn)

o V5.8
+ - mne 10
(500) “ (1

We can also substitute in the SE kernel for the temporal
correlations to create the SE_RF kernel.

To use this kernel, we must also create a basis in time and
radio frequency to allow the multidimensional GP kernel to
operate upon. Like the 1D coarse-grained time-domain basis,
the 2D time and radio frequency basis is transformed to the
full-rank frequency data through interpolation. For simplicity,
we switch from a linear interpolation basis to a “nearest”
interpolation basis, which is more straightforward to imple-
ment in multiple dimensions. We first define four intervals by
the end point set v/ € {600, 1000, 1900, 3000, 5000} MHz.
This choice is tailored to the observation ranges for most
pulsars in the 12.5 yr dataset and nets us a generalized model
of “band noise” that allows for DM variations in different
radio bands to be partially independent. We iterate through
these three intervals in radio frequency, defining the basis
elements as

1
Fj = 0

where j, € [0, --- , [T/dr]] iterates through a uniform time
grid as previously defined for 1D linear interpolation,
J» €10, 1, 2, 3, 4] iterates through the four frequency intervals
in v/, and j = j,j,. For efficiency, this 2D basis is only
computed over frequency intervals at which a particular pulsar
has observations; furthermore, nodes are removed for which a

e/ / / /
B SES U &V SUSVie gy

elsewhere,
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given frequency range has no observations in a particular time
interval. If neglecting the v condition in Equation (11), the
basis matrix would reduce to the TOA quantization matrix
used to model pulse phase jitter using ECORR parameters.
However, as with the time-domain linear interpolation basis,
we include an additional (v/1400 MHz) 2 scaling for each
element of the basis such that the basis can model v-dependent
DM. Finally, under this basis we compute an average ¢ and an
average v in each 2D bin for use as input to the QP_RF kernel.

3.4. Deterministic Noise Models

A number of deterministic models can be used to model the
perturbations of the interplanetary or interstellar medium along
the line of sight to pulsars. The radial motion of the pulsar can
induce linearly/quadratically increasing or decreasing DM
values (M. L. Jones et al. 2017). These are modeled within the
timing model using the first two parameters DM1 and DM2,
i.e., the quadratic parameters in a polynomial fit for DM
variations. Further deterministic models are fit within the
ENTERPRISE software package.

3.4.1. Annual Variation (AV)

Annual DM variations are historically fit across pulsars and
are thought to be due to the annual periodic sampling
of slightly different paths through the ISM due to the
Earth’s motion around the Sun (D. R. Madison et al. 2019).
The model is

-2
Aty = Asin f,, 1 + ¢)( v ) , (12)

Vref

where A is the amplitude of the sinusoidal variations and ¢ is a
variable phase term.

3.4.2. Transient Chromatic Events

Some pulsars show dramatic v-dependent changes in pulse
times of arrival over short timescales. These have often been
attributed to transient ISM under/overdensities or scintillation
off of such structures (M. T. Lam et al. 2018). We use two
different transient models. The first is an exponential dip
model, which has a sudden drop followed by an exponential
recovery:

2
Atgip = AO(t — to)e’r“’( Y ) : (13)

Vret

where 7 is the rate of recovery, A is the amplitude dip, and ¢ is
the time of the event. This first model was derived
phenomenologically to explain the “events” in the DM time
series in PSR J1713+0747 (M. T. Lam et al. 2018). The
second, more general, model for dramatic short timescale
variations is a cusp model:>

1

-
Ateugy = A[[l — Ot — to)le e

—1o X
+ 0@ — to)eﬁm]( v ) , (14)

Vref

0 Many of the cusps in various pulsars seem attributable to the SW.
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where A is the amplitude of the deviation, which can be either
positive or negative, t, is the time of the event, 7, is the rate
of exponential change prior to the time #y, and 7y, is the rate
of exponential recovery following the time #,. The dip model
(Equation (13)) is a specific submodel of the general cusp
model (Equation (14)), where 7. = 0 and A < 0; however,
due to its historical significance, we include it as a stand-alone
model in this work. To add maximal flexibility to this model,
we also allow for a variable v-frequency dependent scaling
during these deviations, Af.us, o< (/1400 MHz) ™ X

3.4.3. Solar Wind (SW)

The spectral character of the solar wind is distinct
from that of a changing ISM (C. Tiburzi et al. 2016, 2021;
D. R. Madison et al. 2019), which makes it useful to model the
solar wind as a separate dispersive signal in pulsar datasets.
The solar wind model used here is based on the work in
J. S. Hazboun et al. (2022), which offers a variety of schema
for dispersive solar wind modeling. Here we use the binned
approach studied from J. S. Hazboun et al. (2022), which fits a
constant value for ng across 6-month-long bins in all pulsars
independently. As noted in Table 2, we use a uniform prior in
the solar electron number density, ng, rather than the
astrophysical prior derived from in situ satellite measurements.
Uniform priors allow us to more easily leverage factorized
likelihood methods (S. R. Taylor et al. 2022), i.e., taking the
product of posteriors for ng across all pulsars. A 6 month bin
was chosen such that it is narrow enough that the binned SW
values can be set constant across the pulsars in a final noise
analysis. We note that recent results demonstrate that PTA
datasets benefit from more time-variable solar wind modeling
(I. C. Nitu et al. 2024; S. C. Susarla et al. 2024). Future work
explores the incorporation of time-domain GP models for a
time-variable solar wind (B. Larsen et al. 2026, in prep-
aration). More about how the factorized SW model is used
here across the individual pulsars is discussed in Section 4.
Following J. S. Hazboun et al. (2022), we fit for a higher-order
term in the SW model, ng"”), which does not vary in time and
allows a more flexible model than the simplest 1/R* fall off
used to model SW electron density. This is also studied in a
factorized likelihood framework and is highly favored by the
data in two particular pulsars. See Section 5.

4. Methods

To select optimal chromatic models for our 20 pulsar subset
of the NANOGrav 12.5yr dataset, and to understand the
effects of these chromatic models on the overall characteriza-
tion of each pulsar, we apply Bayesian model selection and
parameter estimation techniques. We apply these methods very
similarly as done in previous works (e.g., L. Lentati et al.
2016; B. Goncharov et al. 2021; G. Agazie et al. 2023c;
M. T. Miles et al. 2025), with implementations following
especially closely to A. D. Johnson et al. (2024), where further
details may be found.

To summarize, we use the enterprise (J. A. Ellis
et al. 2020) and enterprise extensions (S. R. Taylor
et al. 2018) software packages to construct our model
likelihood L(étln, M) and priors w(n|M) given model
M and hyperparameter vector 77, where the goal is typically
the estimation of 17 under the posterior probability
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Pn\dt, M) o< L(6tln, M) (nlM). Our likelihood is a multi-
variate Gaussian £(8tln, M) ~ N(0, C), where the full-rank
timing residual covariance matrix C = N 4+ TBT" is composed
of a white noise matrix N depending on per-receiver/backend
EFAC, EQUAD, and ECORR noise parameters, while T, B
are, respectively, the concatenation of all reduced-rank GP
design matrices and prior variance matrices, which includes
the linear timing model, achromatic RN, and our new
chromatic GPs from Section 3. Notably, the timing models
in this work are equivalent to those from Z. Arzoumanian et al.
(2020b), except all DMX parameters have been removed and
replaced with two parameters allowing for a quadratic trend in
DM (Section 3.4).

Critical in this work is the model selection. We compute a
Bayes factor under various model hypotheses, given as the
ratio of marginal likelihoods (aka model evidences) under two
models M, and M,,

B%z _ Z((Sﬂ./\/lz), (15)
L Z(6M,)
where the marginal likelihood Z is typically found via
integration over the multidimensional prior volume §2,

Z(6M) = fﬂ L(nIdt, M)y (mlM)dn. (16)

The Bayes factor is equivalent to a ratio giving the odds of a
hypothesis given by M, versus the hypothesis given by M,
as informed by the data (assuming equal prior odds), and may
be used to select among appropriate models. Namely,
Bﬁf > 1 favors use of M,, whereas Bﬁf < 1 favors use
of M. Instead of direct estimation of the model evidence
(e.g., using nested sampling), we estimate Bayes factors
using product space sampling (T. Lodewyckx et al. 2011;
S. Hee et al. 2016), implemented as the HyperModel in
enterprise extensions,in which two or more models
are sampled together with a “switch” hyperparameter, the
posterior of which is used to directly estimate an odds ratio
(A. D. Johnson et al. 2024). This frames the model selection
as a parameter estimation problem, which can be evaluated
using Markov Chain Monte Carlo (MCMC) sampling. In the
case of nested models, where M, reduces to M, under some
particular combination of hyperparameters 19 in M,, the
Bayes factor is more easily approximated as the prior-to-
posterior density ratio at the location of the parameters mq
(Savage-Dickey ratio; J. M. Dickey 1971),

Bm? _ T(n ni/\/lz) . (17

P(n = mlét, M>)

For example, a Bayes factor on a model with achromatic
red noise versus the same model without achromatic red
noise is inversely proportional to the posterior in the tail
Pog,,Arn = —18l0¢t, M). Both the model selection and final
estimation of noise parameter values are carried out using
PTMCMCSampler (J. Ellis & R. Van Haasteren 2017), with
further details on the sampler’s implementation presented in
A. D. Johnson et al. (2024).

We note that recent works (V. Di Marco et al. 2025; R. van
Haasteren 2025) advocate for approaches using model
averaging as opposed to model selection, wherein all expected
noise processes be represented under the model with suitable
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Figure 2. Flowchart illustrating the full model customization framework. For
each pulsar, we begin by selecting the DM kernel initially set to the SE kernel
for all pulsars. We then check if the pulsar additionally favors a QP kernel, and
then check the radio frequency dependence. Next we select the Chrom kernel:
if the pulsar favors an SE kernel, we test for QP, otherwise no Chrom kernel is
applied. After kernel selection we check for deterministic signals. If one is
found we repeat the kernel selection process. Once no further deterministic
signals are detected, we bin the SW and fix the values to the median across all
pulsars. Final parameter estimation is then performed using these fixed SW
densities.

priors to allow the model to drop in or out as needed. We stick
to the classical approach, noting that averaging among
multiple different GP noise models for the same physical
process still requires more efficient implementations of
transdimensional MCMC (J. A. Ellis & N. J. Cornish 2016)
to be tractable in full-PTA analyses.

4.1. Model Customization Framework

The customization of each pulsar’s chromatic model is
carried out in multiple phases outlined in Figure 2, as
evaluating various components of the model requires distinct
analyses. Namely, the relative odds ratios of the models is an
important part of deciding which model to use, but is only one
in a rubric used to choose a bespoke model for each of these
pulsars. These phases are:
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1. Kernel selection. We start by selecting which set of time-
domain kernels is favored by the data for each pulsar’s
DM and chromatic noise. Under the HyperModel, we
test four DM kernels (SE, QP, SE_RF, and QP_RF) and
three options for chromatic kernels (SE, QP, or no
kernel), the combinations of which make for 12
possible models. This evaluation is split across multiple
HyperModel analyses, with a preliminary analysis to
test the evidence of DM and chromatic noise, and at least
one additional to refine among the remaining kernel
options. Whichever model has the largest number of
samples based on the HyperModel switch parameter is
selected for the next phase of analysis. During this first
phase, a single time-independent solar wind parameter
ng = 6.9 cm > (J. S. Hazboun et al. 2022) is sampled
across the whole dataset. PSR J17134-0747 also began
the analysis with two deterministic exponential dip
models whose presence were known a priori from
M. T. Lam et al. (2018).

2. Assess the kernel and transient components. Once the
model selection is performed, we perform a separate
parameter estimation to accrue more samples and evaluate
the model. To identify various possible transient or
deterministic components discussed in Section 3.4, we
use the la forge software to create time-domain
reconstructions showing the effects each GP signal would
induce on the timing residuals. If there is any apparent
nonstationarity or annual trend in the signal, we perform
another HyperModel analysis with one or more determi-
nistic signals included in the model, establishing evidence
for or against their inclusion. Additionally, inspection of the
posterior DM parameters suggested further changes to the
DM kemels for two pulsars: PSR B1937+421, whose
preferred model includes 2 DM GPs (Section 5.2.17), and
PSR J1455—3330, whose preferred model uses the simplest
Ridge kernel (Section 5.2.6).

3. Binned SW fit. With appropriate chromatic models
selected, we next perform a parameter estimation run
for each pulsar where the SW density is allowed to vary
with a separate parameter for each 6 month interval as
well as the higher-order SW term (Section 3.4). The
factorized likelihood product of the SW density in each
bin is then taken, with the values fixed to the median in
each bin for subsequent analyses.

4. Reanalysis and parameter estimation. We end by
performing at least one more parameter estimation run
using the fixed, binned, PTA-wide SW densities. We use
the Savage-Dickey Bayes Factor to assess if previously
significant model components, such as the more complex
kernel parameters and additional transient terms, are still
needed under the updated SW model. If they are no
longer favored, we remove them from the model.

This process is repeated for every pulsar in the dataset, with
each phase performed in parallel. Throughout every phase the
constituent pieces of the timing model, white noise, and
achromatic red noise models are left unchanged, but their
parameters are varied as part of the analyses.

5. Results

The chosen noise model for each pulsar can be found in
Table 1. Based on the average observing cadence, the standard
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basis size for the time-domain models (df = 15 days) was used
for 16 of the 20 pulsars. Two pulsars (PSR J0645+5158 and
PSR J1455—3330) were run with a df = 7, while the remaining
two (PSR B19374-21 and PSR J1713+0747) required a much
finer basis size (dt = 3) to appropriately capture chromatic
variations, as these were observed at both AO and the GBT.
These two pulsars both have a history of unique noise
characteristics (B. Goncharov et al. 2020; M. Vivekanand
2020), and their specific noise model preferences will be
discussed in detail later. The effect of changing the basis size
is further explored in Section 7.1.1.

There is no clear preference for a specific kernel with most
pulsars split between either the SE or QP models; however,
two pulsars prefer a radio-frequency-dependent DM kernel
(PSR J1600—3053 and PSR J17134+0747) and PSR J1455
—3330 prefers the simplest model, Ridge (Equation (5)).
There are 14 pulsars that favor including an additional
chromatic process with a steeper frequency dependence than
DM (V74), consistent with what is seen in other PTA datasets
(J. Antoniadis et al. 2023b; D. J. Reardon et al. 2023b;
M. T. Miles et al. 2025). However, as in the case of the DM
kernels, there is again no clear preference for a specific kernel.
The kernel parameter values and credible intervals are shown
in Table 3.

Additional deterministic signals were preferred in six
pulsars with the majority of additional signals being a
nonstationary chromatic event best modeled as a cusp
(Equation (14)). There are two pulsars (PSR J0613—0200
and PSR J1614—2230) that prefer an additional annual
variation (AV) signal. The deterministic parameter values
and credible intervals are shown in Table 4. Both of these
pulsars were found to have significant (close to) annual trends
in M. L. Jones et al. (2017).

At a glance, it is difficult to draw any global conclusions
from the inclusion of these new models. It has been well
documented that excess, and/or mismodeled, noise is not
restricted to an individual pulsar’s noise model—thus, these
noises may pollute a search for a gravitational wave
background (V. Di Marco et al. 2025). As such, it can be
difficult to interpret changes in noise parameter posteriors and
how they might affect a GWB search. However, when excess
chromatic noise or excess white noise is present, it tends to
lower the pulsar’s achromatic red noise model spectral index
(V. Di Marco et al. 2025; 1. Ferranti et al. 2025). Meanwhile,
an astrophysical GWB is expected to be a steeper RN process
with v = ? (E. S. Phinney 2001). Thus, we have a general
sense that a steeper achromatic RN power law tends to mean
that a pulsar’s noise model has better isolated white and/or
chromatic noise, which in turn increases the pulsar’s
sensitivity to the GWB (V. Di Marco et al. 2025; 1. Ferranti
et al. 2025; M. T. Miles et al. 2025).

In Figure 3, the achromatic RN spectral index (yrn) iS
plotted for the standard noise model as well as the preferred
custom noise model for the 12 pulsars where significant RN
was found using either one or both of the models. The other
eight pulsars did not have significant RN under either model.
Overall, there is a slight trend from shallower spectral indices
with the standard models toward steeper spectral indices under
the preferred, custom models used in this work. In two cases
(PSR J1600—3053 and PSR J2043+41711), the preferred
model no longer finds significant RN that had been present
under the standard model. While in one case (PSR J1455
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Figure 3. Red noise spectral index (ygrn) posterior changes between
NANOGrav’s standard noise model and the “customized” model found in
this work. The points represent the median posterior values while the crosses
cover the 16th to 84th percentile regions. The blue markers indicate pulsars
where red noise was found to be present in both cases. The green markers
indicate pulsars (PSR J1600—3053 and PSR J2043+-1711) where red noise
was found to be significant under the standard noise model, but insignificant
under custom noise models, while the red marker indicates a pulsar (PSR
J1455—3330) where the insignificant red noise recovered with the standard
noise model was found to be significant when utilizing a custom noise model.
In general, shallow spectral indices indicate that unmodeled chromatic noise
may be leaking into the red noise model, while steeper spectral indices are
more in line with the expectations for red noise, either from individual pulsar
mechanisms, such as spin noise, or from a common GWB. There are eight
pulsars where there is no significant red noise found when using either model;
as such, they are not shown in this plot.

—3053), insignificant RN in the standard noise model was
found to be significant under the preferred model. Each of
these cases will be discussed in more detail in Section 5.2. The
achromatic RN parameter medians, credible intervals, and/or
upper limits under both modeling assumptions can be found in
Table 5.

In Figure 4 the WN changes between the standard noise
model and the preferred custom noise model found in this
work are shown for WN parameters that are significant under
both models. In NANOGrav’s modeling approach, there are
three WN terms: EFAC, EQUAD, and ECORR. There is a
unique parameter value of the WN for each telescope receiver
and backend combination, which are represented by different
colors and marker combinations, respectively, as explained in
the legend of Figure 4. Similarly to what was found in the RN
comparison above, there is no significant change for many
pulsars. Specifically for EFAC and EQUAD, there are minimal
changes outside of PSR B1937421, which sees significant
reductions in WN values (PSR J17134-0747 also experiences
reductions in EFAC/EQUAD, where the parameter values are
no longer significant under the custom noise model). The most
distinct changes are found when assessing the ECORR
parameter, with several ECORRs changing in significance as
shown in Figure 5. While there remains no definitive trend,
with the known interactions between ECORR, DMX, and
achromatic RN (J. S. Hazboun et al. 2020), it should not be
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surprising to see ECORR models changing significantly in the
presence of these new noise models. See Section 7.1 for
further discussion about the interactions between the chromatic
models and ECORR.

5.1. Solar Wind

Of the 25 solar wind bins in the dataset, we show the eighth
bin in Figure 6 as a representative sample. The gray contours
are the posteriors of ng over that particular bin measured
by individual pulsar lines of sight past the Sun, which spans
MIDs 54725 — 54913. A small fraction of the pulsars are
uninformative here, but most are mildly peaked around 6 cm >
or are “upper limits” on ng. The blue contours represent the
product of all the posteriors of the 20 pulsars for the left and
right figures.

The higher-order solar wind term here is taken to be
constant across the entire dataset and is most pronounced at
cusps near minimum solar elongation. Here we show that the
higher-order term is only significant in PSR J0030+0451 and
PSR J1614—2230, which coincides with measurements taken
of both of the pulsars at very low solar elongation. See
J. S. Hazboun et al. (2022) Figure 4. While their posteriors are
consistent with each other, they are peaked at different values.
The resulting posterior product among the pulsars ends up
being well peaked right between the individual peaks.

5.2. Individual Pulsars’ Preferred Models

As mentioned in Section 1, the 20 pulsars in this analysis
were chosen for myriad reasons, e.g., their total timespan of
data or high levels of suspected chromatic noise. One of the
most important conclusions we come to through this analysis
is that each pulsar prefers a noise model different in some
regard from the others, which can be explained by the fact that
pulsars have unique lines of sight through the IPM/ISM. Here
we go through each pulsar in the analysis and highlight
interesting details of their custom chromatic noise models.

Throughout this section, we will use the term “change in
significance” when going from an upper limit to a credible
interval or vice versa (reaches a >10 Bayes factor threshold).
We will use the term “significant change” when referring to a
(>10 change) in credible interval.

5.2.1. PSR J0030+0451

The chromatic model PSR J0030+4-0451 included a
significant DMGP with a QP kernel and a significant Chrom
GP with a QP kernel. This pulsar is close to the ecliptic, and as
shown in Figure 6, is one of two pulsars that favors a higher-
order term in the SW model.

The WN in this pulsar is featured in Figure 5 as
it has a change in significance at 430 MHz with the
PUPPI backend, with the rest remaining insignificant. This
newly significant ECORR supports the possible need for a
more sophisticated SW model. The RN has no significant
change.

5.2.2. PSR J0613—-0200

The chromatic model for PSR J0613—0200 included a
significant DMGP with a QP kernel, and no significant Chrom
GP. This pulsar appears in Table 4 due to having significance
for deterministic signals from AV and chromatic (V_4) dip.



THE ASTROPHYSICAL JOURNAL, 1003:34 (23pp), 2026 May 20

Hazboun et al.

B1855+4+09 -
B1937+21 * = el & TSP *B
J0613-0200 *
J0645+5158 *
J1012+5307 1 A *
J1640+4+2224 =
J17134+0747 1 el om =
| Bl S-wide
J1741+1351 L-wide =
Jj1744-1134- ™M Rcvrl 2 ek x Aax
B Rcvr 800
J1909-3744 s 430 uN * N
Bl 327
J1910+4+1256 ® ASP =
A GASP
J2043+1711 m PUPPI P
*  GUPPI
J2317+1439 | | 5 - b
4 2 1 0 1 2 R 0 1 -3 14 o 1 5
A EFAC/o Alog1o (EQUAD)/o Alog,0 (ECORR)/0

Figure 4. White noise changes between NANOGrav’s standard noise model and the customized noise model found in this work. We only plot parameters that are
significant in both the standard noise and custom noise. All plots show the difference in median posterior value relative to the 1o uncertainty from the standard noise
posteriors. Negative values show where the new models from this work reduce the white noise values, while positive values show an increase. The different colors
and markers correspond to the various receiver and backend combinations present in the data. Differences in EFAC are shown on the left, EQUAD in the center, and
ECORR on the right. The changes to EFAC and EQUAD are relatively minor, however, PSR B1937+21 displays a significant reduction in both EFAC and EQUAD
from the standard model to chromatic model. The ECORR changes are much more dramatic across the board, with no clear trends visible in this plot, however, we
will discuss the significance of these changes and some potential causes in Section 7.1.
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Figure 5. Pulsar/backend combinations that showed changes in ECORR significance with custom noise modeling, corresponding to the bolded entries in Table 6.

PSR J0613—0200 was studied with the EPTA DR2, and
they did not observe strong evidence for an AV signal
(A. Chalumeau et al. 2022). The MPTA does find a significant
AV signal for PSR J0613—-0200 in M. T. Miles et al. (2024b).

The WN in this pulsar is featured in Figure 5 as it has a
change in significance at 800 MHz with the GUPPI backend,

10

with the rest remaining insignificant. The RN has no
significant change.

In B. Larsen et al. (2024), it was found using the
NANOGrav 15 yr dataset that the additional chromatic model
is favored for PSR J0613—0200, and this results in a steeper
achromatic RN spectrum than using standard DMX. However,
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Figure 6. Posterior distributions for two representative solar wind electron
density parameters. Left panel: the posteriors for the eighth solar wind bin’s
electron density across all of the pulsars (gray) and the product of the
posteriors. Right panel: the posteriors for the coefficient of the higher-order
correction of the solar wind electron density model. There are only two
significant posteriors. The one centered at log,,ng">* ~ —2.5 is from PSR
J0030+0451 while the one centered near log,,ni**” ~ —3.2 is for PSR
J1614—2230.
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here the additional chromatic GP is not significantly favored.
This suggests that longer timespan datasets are beneficial both
to tease out these higher-order chromatic effects and improve
the characterization of achromatic RN.

5.2.3. PSR J0645+5158

The chromatic model for PSR J0645+5158 included a
significant DMGP with an SE kernel and a significant Chrom
GP with a QP kernel. This pulsar also has an ecliptic latitude
<30°, which means that this pulsar may need a more
sophisticated SW model than the one presented in this paper.
This pulsar required a finer basis size df = 7 compared to the
majority of pulsars that had fixed dr = 15.

The WN and RN in this pulsar had no significant changes.

5.2.4. PSR J1012+5307

The chromatic model for PSR J1012+4-5307 has a significant
DMGP with a QP kernel, and a significant Chrom GP with an
SE kernel.

The WN in this pulsar had no significant change. The RN
had a significant decrease in the amplitude, but no change in
spectral index, despite introducing the new chromatic model.
This pulsar was studied further in B. Larsen et al. (2024),
where this effect was also noted in the NANOGrav 15 yr
dataset, and it was found that the achromatic RN displayed
anticorrelations with the chromatic noise over time.

5.2.5. PSR J1024—-0719

The chromatic model for PSR J1024—0719 has a significant
DMGP with an SE kernel and no significant Chrom GP. This
pulsar was analyzed with multiple basis sizes for dr to explain
higher ECORR values, the results of which are discussed in
Section 7.1.1. In the analysis with this pulsar, none of the
ECORR values changed appreciably with the basis size.

The WN in this pulsar is featured in Figure 5 as it has a
change in significance at 800 MHz with the GUPPI backend.
The RN did not change significantly.
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5.2.6. PSR J1455—-3330

The chromatic model for PSR J1455—3330 has a significant
DMGP with a Ridge kernel, and no significant Chrom GP.
This pulsar used a finer basis size dt = 7 compared to the
majority of pulsars that had fixed dr = 15. PSR J1455—3330 is
studied further in M. T. Lam et al. (2025) for the impact of
simplified DM modeling on gravitational wave sensitivity.

The WN in this pulsar remains insignificant. The RN in this
pulsar is highlighted in Figure 3 as the previously insignificant
red noise from the standard noise model is now significantly
measured with the custom noise model.

5.2.7. PSR J1600—-3053

The chromatic model for PSR J1600—3053 has a significant
DMGP with a QP_RF kernel and a significant Chrom GP with
a QP kernel.

The WN in this pulsar is featured in Figure 5 as it has a
change in significance at 800 MHz and 1.2 GHz with the
GUPPI backend. The RN in this pulsar is highlighted in
Figure 3 as the significant red noise from the standard noise
model had a change in significance with the custom noise
model, making it insignificant.

This pulsar is studied further in B. Larsen et al. (2024),
where it was found that applying a custom Chrom GP resulted
in a steeper achromatic red noise spectrum than using standard
DMX, which differs from our result where the red noise
became insignificant with the custom model.

5.2.8. PSR J1614—-2230

The chromatic model for PSR J1614—2230 has a significant
DMGP with a QP kernel, a significant Chrom GP with
an SE kernel. This pulsar appears in Table 4 due to having
significance for deterministic signals from annual DM
variations. This pulsar also has an ecliptic latitude <30°,
which means that this pulsar may need a more sophisticated
SW model than the one presented in this paper. In Figure 6,
this pulsar is one of two pulsars that favor a higher-order term
in the SW model.

The WN and RN in this pulsar have no significant changes.

5.2.9. PSR J1640+2224

The chromatic model for PSR J1640+4-2224 has a significant
DMGP with a QP kernel and a significant Chrom GP with an
SE kernel.

The WN in this pulsar is featured in Figure 5 as it has a
change in significance at 430 MHz with the PUPPI backend.
The RN has no significant change.

5.2.10. PSR J1713+0747

The chromatic model for PSR J17134-0747 has a significant
DMGP with a QP_RF kernel and a significant Chrom GP with
a QP kernel. This pulsar appears in Table 4 due to having
significance for deterministic signals from a DM dip (v~ %), and
chromatic dip (1/71'35), where the second dip’s chromatic
index is fit for as it is known to depart from a purely dispersive
trend (B. Goncharov et al. 2020; A. Chalumeau et al. 2022;
B. Larsen et al. 2024). This pulsar required a finer basis size
dt = 3 compared to the majority of pulsars that had
fixed dt = 15.
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Figure 7. Comparison of RN posteriors for PSR J1744—1134. Notice that
there is a small amount of support at log,,Arn ~ —15 in the standard analysis,
that then becomes more significant when the TD chromatic models are used.

This pulsar has been extensively studied by NANOGrav and
other PTAs. In particular, due to recent chromatic timing
events resulting in pulse shape changes (M. T. Lam et al. 2018;
B. Goncharov et al. 2020; M. T. Lam 2021; F. X. Lin et al.
2021; B. Meyers & CHIME/Pulsar Collaboration 2021;
J. Singha et al. 2021; H. Xu et al. 2021; R. J. Jennings
et al. 2024; R. F. Mandow et al. 2025). This pulsar is also
studied further with Chrom GP noise models in B. Larsen et al.
(2024), where it was found that using a custom Chrom GP
model over a DMX model resulted in a significant change in
achromatic RN parameters. Additionally, the posterior para-
meters for the chromatic dips found using the 15 yr dataset
(B. Larsen et al. 2024; Figure 7) are consistent with those
found here.

The WN in this pulsar has a significant change with the
L-wide ASP and 800 MHz with the GUPPI backend. This
pulsar appears in Figure 4 in which significant reductions in
EFAC, EQUAD, and ECORR are shown. The RN has a
significant decrease in amplitude and a significant increase in
spectral index, bringing it more in line with the common
process.

5.2.11. PSR J1738+0333

The chromatic model for PSR J1738+4-0333 has a significant
DMGP with an SE kernel, and a significant Chrom GP with an
SE kernel. This pulsar also has an ecliptic latitude <30°, which
means that this pulsar may need a more sophisticated SW
model than the one presented in this paper.

The WN in this pulsar is featured in Figure 5 as it has a
change in significance with the L-wide PUPPI backend. The
RN has no significant change.

5.2.12. PSR J1741+1351

The chromatic model for PSR J17414-1351 has a significant
DMGP with a SE kernel, and no significant Chrom GP.

The WN in this pulsar is featured in Figure 5 as it has a
change in significance at 430 MHz with the PUPPI backend.
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This pulsar was analyzed with multiple basis sizes for dt to
explain higher ECORR values, the results of which are
discussed in Section 7.1.1. In the analysis with this pulsar,
none of the ECORR values changed appreciably with the basis
size. The RN has no significant change.

5.2.13. PSR J1744—1134

The chromatic model for PSR J1744—1134 has a significant
DMGP with an SE kernel and a significant Chrom GP with an
SE kernel. This pulsar is studied further in B. Larsen et al.
(2024), where it was found that achromatic RN was no longer
significant under the chromatic model.

The WN in this pulsar is featured in Figure 5 as it has a
change in significance at 800 MHz with the GASP backend.
This pulsar has newly significant ECORR values supporting
the need for a more sophisticated SW model. The RN has a
significant decrease in amplitude and a significant increase in
spectral index, bringing it more in line with the common
process.

5.2.14. PSR B1855+09 (J1857+0943)

The chromatic model for PSR B1855409 included a
significant DMGP with a SE kernel and a significant Chrom
GP with a QP kernel.

The WN in this pulsar has no significant change, and the RN
remains the same.

5.2.15. PSR J1909—-3744

The chromatic model for PSR J1909—3744 has a significant
DMGP with a QP kernel, a significant Chrom GP with a QP
kernel. This pulsar also has an ecliptic latitude <30°, which
means that this pulsar may need a more sophisticated SW
model than the one presented in this paper. This pulsar is
studied further in B. Larsen et al. (2024), where it was found
that applying a custom Chrom GP had very little changes to
the achromatic RN.

The WN in this pulsar has no significant change at 800 MHz
with the GUPPI backend. The RN has no significant change.

5.2.16. PSR J1910+1256

The chromatic model for PSR J1910+4-1256 has a significant
DMGP with an SE kernel, and no significant Chrom GP.

The WN in this pulsar is featured in Figure 5 as it has a
change in significance with the L-wide PUPPI backend. The
RN has no significant change.

5.2.17. PSR B1937+21 (J1939+2134)

The chromatic model for PSR B1937421 includes two
independent significant DMGP models, both with a QP kernel,
a significant Chrom GP with an SE kernel, and the SW model.
The DMGP posteriors for PSR B1937+21 are shown in
Figure 8. The multimodality seen in the quasi-periodic DMGP
parameters lead to the inclusion of two independent DMGP
models. Note in particular the differences in the timescales,
¢pm, amplitudes, opyy, and periods, ppy. This pulsar required a
finer basis size df = 3 compared to the majority of pulsars that
had dt = 15. This is unsurprising since this pulsar is observed
by multiple telescopes and has many observing epochs within
a few days of each other.



THE ASTROPHYSICAL JOURNAL, 1003:34 (23pp), 2026 May 20

10910 £om [d]
—— DMGP 1
DMGP 2
10910 0pm [s]
R
g~
o & 1?
10910 Pom [yr]
R
g <
o
o s 5
g4 [
% = 10910 Mpom
3
L
8 &y . i
i £ N
RN N A A PSSR RN AN BN S R SN
log1ofom [d] logio0opm [s] 10910 pom [yr] 10910 Mppm

Figure 8. Posteriors distributions for quasi-periodic DM kernel parameters for
PSR B1937+21. This pulsar represents a unique case where multimodality
was recovered in the quasi-periodic DMGP parameters, meriting the use of
two independent GPs with tailored prior distributions to fully model all DM
variations. The small values of log,,fpm and log,ppy, corresponding to
DMGP 1 (blue), indicate a short timescale DM process. This is simultaneous
with a much longer timescale DM process corresponding to DMGP 2 (orange).

The WN in this pulsar is featured in Figure 5 as it has a
change in significance with the L-wide ASP and the 1.2 GHz
GASP backends. The L-wide PUPPI, 1.2 GHz GUPPI, and
S-wide ASP have significant decreases (>10). This pulsar
appears in Figure 4 and is mentioned as having significant
reductions in EFAC, EQUAD, and ECORR. The remaining
backends have no significant change. The RN has no
significant change.

5.2.18. PSR J2010—1323

The chromatic model for PSR J2010—1323 has a significant
DMGP with a QP kernel, and no significant Chrom GP. This
pulsar also has an ecliptic latitude <30°, which means that this
pulsar may need a more sophisticated SW model than the one
presented in this paper.

The WN has no significant changes. The RN has no
significant change.

5.2.19. PSR J2043+1711

The chromatic model for PSR J2043+1711 has a significant
DMGP with a QP kernel and no significant Chrom GP. This
pulsar appears in Table 4 due to having a significant for
deterministic DM cusp (v~?), and scattering cusp ™.

The WN in this pulsar is featured in Figure 5 as it has a
change in significance at 430 MHz with the PUPPI backend
and with the L-wide PUPPI backend. The RN in this pulsar is
highlighted in Figure 3 as the significant red noise from the
standard noise model had a change in significance with the
custom noise model, making it insignificant.

PSR J2043+1711 was studied more closely in Figure 9
where we investigated the basis size with df = 1, df = 3, and
dt = 15 with the standard DMX model for the two backends
that were shown to have significant ECORR increases in
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Figure 9. PSR J20434-1711 ECORR posterior comparison. Posteriors for two
different receiver-backend combinations are shown for three choices of df and
compared to the result using the standard DMX model.

Figure 5. The two backends were shown to become insignificant
again when we used a smaller basis size, leading to an
understanding that a finer resolution in the model may mitigate
the rise in ECORR seen with Chrom GP.

This pulsar was also studied very recently in T. Donlon et al.
(2025) as it had a peculiar acceleration that could be due to a
long-period orbital companion or a stellar flyby.

5.2.20. PSR J2317+1439

The chromatic model for PSR J2317+1439 has a significant
DMGP with a QP kernel, a significant Chrom GP with an SE
kernel. This pulsar appears in Table 4 due to having
significance for deterministic signals from Cusp (scattering)
DM (v ?).

The WN in this pulsar is featured in Figure 5 as it has a
change in significance at 430 MHz with the PUPPI backend.
This pulsar has newly significant ECORR values supporting
the need for a more sophisticated SW model. The RN has no
significant change.

6. Impacts on Common Process Spectral Characterization

The common uncorrelated process (CURN) detected with
high significance in the NANOGrav 12.5 yr dataset (NG12.5),
Z. Arzoumanian et al. (2020a), was subsequently found to
show evidence for being a gravitational wave background in
the NANOGrav 15yr dataset (NGI15; G. Agazie et al.
2023a, 2023b) and other PTA datasets from around the world
(J. Antoniadis et al. 2023a; D. J. Reardon et al. 2023a;
M. T. Miles et al. 2024a). In G. Agazie et al. (2023b), it was
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Figure 10. Corner plots comparing iterations using the 5 (orange) and 30
(blue) lowest frequencies to search for a common uncorrelated red noise
(CURN) process using the chromatic models with varied amplitude and
spectral index.

shown that using a Fourier-basis DMGP + other minimal
chromatic models (the chromatic “dips” in PSR J17134-0747)
slightly changes the spectral recovery of the GWB, moving the
amplitude slightly lower and the spectral index to slightly
steeper values. NANOGrav is completing a full chromatic
modeling project on NG15 (G. Agazie et al. 2026, in
preparation), but here we show the consequences of changing
out the 20 NG12.5 pulsars in this work on a CURN/GWB
recovery. The same 47 pulsars were used in these analyses as
in Z. Arzoumanian et al. (2020a), swapping out the standard
noise models for the chromatic in the subset of 20 pulsars
treated in this work. In order to minimize the computational
resources needed to do the analysis, a fixed-point analysis was
carried out (similarly to G. Agazie et al. 2023d), setting the
value of the chromatic models to their maximum a posteriori
values. Both a varied spectral index analysis and a free spectral
analysis were carried out on this version of the model.
The varied spectral index analysis was carried out twice, using
the 5 and 30 lowest frequencies, starting with 1/timespan of
the dataset.

The most important result of this full-PTA analysis is shown
in Figure 10. Recall that in Z. Arzoumanian et al. (2020a), the
number of frequencies used in the CURN/GWB searches was
limited to the five lowest frequencies because unmitigated
noise effects were biasing the recovery toward higher
amplitude and shallower spectral indices, see Figure 11. As
can be seen in Figure 10, the recovery of the amplitude and
spectral index with the chromatic models is not as biased by
the number of frequencies as the standard noise models. The
five-frequency search returns broader posteriors, which should
be expected because there should be more information in 30
frequencies, but the posteriors, especially the joint posterior,
are largely overlapping. Compare this to the varied spectral
index results in Figure 11 from the standard model used in
Z. Arzoumanian et al. (2020a), where the choice of frequencies
strongly biases the recovery of the parameters. The results
from the free spectral analysis, shown in Figure 12, echo the
same results. The width of the violins represents the
probability of the recovered posteriors at each frequency.
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Figure 11. Corner plots comparing various iterations of a search for a common
uncorrelated red noise (CURN) process with varied amplitude and spectral
index. Specifically, we compare an analysis using the chromatic models with
30 frequencies (blue) to the two analyses from Z. Arzoumanian et al. (2020a)
using 5 (green) and 30 frequencies (red).
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Figure 12. Free spectral analysis of a CURN comparing the standard NG12.5
year analysis to the custom chromatic noise models.

The figure reveals that the recovery of power in the second,
sixth, ninth, and fifteenth frequency bins is less significant in
the model using the 20 new chromatic models. These support a
steeper common process across the frequency range. Searches
for Hellings—Downs (HD) spatial correlations between the
pulsars were also carried out (S. Hourihane et al. 2023). We
resampled the chains from the CURN run using a likelihood
model that included HD correlations and also ran an optimal
statistics analysis (M. Anholm et al. 2009; S. J. Chamberlin
et al. 2015; S. J. Vigeland et al. 2018). In both cases, no
substantial support for spatial correlations was found in the
datasets. Seeing lower support for CURN power at all
frequencies except the first frequency bin in Figure 12 could
point to this lack of support. It is important to point out again
that less than half of the pulsars went through the full
chromatic model selection process in this analysis. The
forthcoming reanalysis of NG15 customizing noise models
for all pulsars may see more dramatic effects on correlation
recovery.



THE ASTROPHYSICAL JOURNAL, 1003:34 (23pp), 2026 May 20

7. Discussion

The complex interplay between white noise, specifically
ECORR or per-epoch WN, chromatic noise, which rises from
the turbulent ISM, and achromatic red noise, which includes
the GWB, is well documented and continues to be an area of
robust scientific endeavor. The work presented in this paper
represents the culmination of years of effort, and while the
results cannot be distilled down into a single, golden rule for
pulsar timing noise analyses, there are a handful of important
takeaways and intriguing findings, which point toward the next
series of steps to be undertaken in this line of work. We will
delve into these throughout the rest of this section. However,
the most important thing to remember is that these findings are
based on what is now an archival dataset, and the most
impactful insights will come from applying these models and
lessons learned to newer and more sensitive data.

7.1. Chromatic Models and ECORR

Looking at Table 6 and Figure 5 one can see that the new
chromatic models have an effect on many of the ECORR WN
parameters. ECORR tracks changes in the TOAs correlated on
short, intra-epoch timescales. Any timing effect that stochas-
tically changes the arrival time of pulses can be modeled by
ECORR;, if it is not accounted for by other parts of the timing
model. Any remaining radio-frequency-dependent noise, due
to mismodeled DM variations or unmodeled scattering
variations, will be correlated across the TOAs in a given
receiver. It is evident in this work and other work done on
NANOGrav data where DMX is removed (B. Larsen et al.
2024) that the immense freedom of the DMX model allows
many chromatic effects to be mitigated, including DM/SW
variations, but also scattering and other chromatic events, like
the purported profile change of PSR J17134+-0747 (M. T. Lam
et al. 2018; B. Goncharov et al. 2020; M. T. Lam 2021;
F. X. Lin et al. 2021; B. Meyers & CHIME/Pulsar
Collaboration 2021; J. Singha et al. 2021; H. Xu et al. 2021;
R. J. Jennings et al. 2024). In this investigation, we observed
that when DMX is removed and only a DMGP is used to
model the noise in pulsars, ECORR often increases. For the
final custom noise models selected for these 20 pulsars there
are three scenarios for the ECORR values:

1. The ECORR values do not change significantly between
the DMX model and the CNM. The vast majority of
ECORR values fall into this category.

2. The ECORR values decrease by >10 when employing
the CNM or become insignificant. In all cases where this
happens, except one, the data prefer a scattering model.
This points to the cause of at least some ECORR-
modeled noise in the standard noise model being from
previously unmodeled scattering variations.

3. The ECORR values increase by >10 when employing
the CNM or become significant. This is less than ideal,
but can be explained in a few cases (see below) and those
explanations point the way for pipeline development for
future analyses. However, further mitigation of ECORR
is beyond the scope of this investigation on the now
outdated NG12.5.

Now let us turn to possible reasons for the cases where the
ECORR values increase significantly. The most obvious is that in
some cases a more finely sampled model is needed. The dr
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parameter sets the size of the linear interpolation basis used for
the time-domain models and, as shown in Section 7.1.1, we are
free to decrease dt at the cost of using a larger basis size. In order
to limit the scope of the current project originally all pulsars used
dt = 15 days except PSR B1937+21 and PSR J1713+0747.
Once well established models were found for these two pulsars,
model selection was done between df = [3, 7, 15] days. In both
cases the smallest, df = 3 days, was preferred. While these
pulsars have the largest datasets it was deemed worthwhile to use
such large basis sizes since they are observed by both the GBT
and AO and often have cross telescope epochs within a few days
of each other. In both cases a few of the ECORR parameters
decreased as dt decreased.

7.1.1. Time-domain Kernel Basis Size

In order to investigate that too-large interpolation bins could
be responsible for higher ECORR values we analyzed PSR
J1024—0719, PSR J17414-1351, and PSR J2043+1711 with
dt =1 and dr = 3. For the first two pulsars none of the ECORR
values changed appreciably with basis size. However, as seen
in Figure 9, the two ECORR values that increased for PSR
J2043+1711 again became insignificant when we used a
smaller basis size. This demonstrates that, at least in some
cases, a finer resolution to the model basis will mitigate the
rise in ECORR seen with GP chromatic model.

7.1.2. Impacts of a Rigid SW Model

Another possible culprit to increasing the ECORR in these
custom chromatic noise models is a lack of freedom where
the SW modeling is concerned. As shown in J. S. Hazboun
et al. (2022), C. Tiburzi et al. (2021), and S. C. Susarla et al.
(2024) pulsars that are close to the ecliptic plane may see
more variations in the density of solar electrons, or even solar
events where large quantities of electrons are jettisoned from
the Sun. This work and the fact that a number of the pulsars
with newly significant ECORR values (PSR J0030+0451,
PSR J1744—1134, and PSR J2317+1439) and increasing
ECORR values, see Table 6, (PSR J0645+5158, PSR
J1614—2230, PSR J1713+0747, PSR J1738+4-0333, PSR
J1909—-3744, and PSR J2010—1323) have ecliptic latitudes
<30° supports the possibility that these pulsars need a more
sophisticated SW model than the binned-piecewise one used
here. Efforts are currently focused on adding more sophis-
ticated SW models, like those in I. C. Nitu et al. (2024) and
S. C. Susarla et al. (2024), for NG15.

7.2. Chromatic Models and Red Noise

In regards to searches for gravitational waves, particularly
the stochastic gravitational wave background, one of the most
important effects of the chromatic models that we see on the
pulsars are the changes in the RN parameter recovery.
Figures 3 and 11 highlight the changes that the new models
make in the individual pulsar analyses and the full search for a
CURN process, respectively. The net result of the changes in
the RN posteriors supports a steeper RN process in the full
CURN analysis, which is possibly brought about by one or
more strongly overlapping effects, including:

1. Decreasing the (white) noise floor across the spectrum. See,
for example, PSR J17134-0747, where the chromatic dips
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caused by profile events add a substantial amount of
white noise into the data.

2. Absorbing mismodeled chromatic red noise into “phy-
sically appropriate” channels. This is certainly the case
for the pulsars where scattering models are preferred, but
can also be seen in SW models or subtle changes in other
noise process parameters.

3. Mitigating high frequency noise to allow for steeper RN
recovery, either by absorbing noise in the WN sector of
the model or using sufficiently high frequency chromatic
models to mitigate chromatic noise. See, for example,
PSR J0613—0200 where the decrease in ECORR and the
addition of a number of chromatic model components, is
paired with an increase in the spectral index.

The movement of noise power between the different
components of the model is well documented (e.g., J. S. Hazboun
et al. 2020; A. Srivastava et al. 2023; B. Larsen et al. 2024) and
the use of physically motivated chromatic models helps to keep
the noise out of the more generic RN power-law channel.

7.3. Model Selection for Pulsar Noise

Chromatic models for pulsar timing data date back to the
earliest observations of their radio signals (A. Hewish et al.
1968; C. C. Counselman et al. 1970). In the past, DM models
(including long-timescale variations, SW variations, and
annual variations) have sufficed, but higher precision data,
and the concerted campaigns of PTAs, have increased the need
for models that take into account smaller and smaller
chromatic effects. The numerous recent noise-model analyses
of PTA datasets each tackle the model selection question in
various ways (J. Antoniadis et al. 2023b; D. J. Reardon et al.
2023b; A. Srivastava et al. 2023; M. T. Miles et al. 2025),
usually employing Bayesian model selection techniques to
compare various models against each other. All such analyses
need to take into account the conflict between the Bayesian
aspiration to “model it all and let the data decide” and
the enormous computational costs of model selection
(R. van Haasteren 2025). There has been recent advances
in both the methods used for PTA dataset models
(e.g., “spike-slab” priors to mimic a transdimensional model,
R. van Haasteren 2025) and the increasing availability of
GPUs and the software to interface with them; however, this
analysis predates these new developments.

Here we list highlights from the current scheme for model
selection that works toward an efficient method, given the
tools available.

1. The construction of the time-domain kernels as a nested
model makes testing for added complexity fairly simple.
Simply by looking at the posterior recovery of the
various amplitude parameters we get a broad idea of
which parts of the model are significant. Fourier domain
GPs can also be tested in this same way. However,
testing between TD and FD models will require some
sort of model selection.

2. The interplay between CNMs and the SW model is
subtle and requires iterative analyses. The SW model is
still important for off-ecliptic pulsars, and therefore
should be included as a global parameter (or global plus
tailored parameter) in all individual pulsar noise runs.
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3. The interplay of ECORR and CNMs is very evident from
this work. As we layer on higher order (e.g., scattering)
CNMs, use better SW models and more finely sample the
CNMs (e.g., linear interpolation bases with smaller dts)
we see that ECORR values decrease. In the forthcoming
analysis of the NG15 dataset more custom modeling (SW
GPs, varied index for higher order CNMs, etc.) leads to
even better amelioration of ECORR.

7.4. Next Steps

A full chromatic noise-model analysis, that includes both
these time-domain models and the more traditional frequency-
domain based GPs is currently underway on the NG15 dataset.
Many of the techniques used herein are extended to use
Bayesian techniques to select between the two classes of
models as well as the resolution of the analysis (whether df or
the number of frequencies), frequency-dependent “band noise”
and the chromaticity (index of radio frequency dependence)
for higher order chromatic terms, just as has been done by
other PTAs in recent years. These types of full classifications
will help immensely with efficiently carrying out noise
analyses for the forthcoming IPTA DR3 dataset.

The stationary time-domain kernels, k(7), used herein
are related to structure functions, D(7) = 2[k(0) — k(7)]
(M. T. Lam et al. 2015; M. L. Jones et al. 2017), and thus the
posteriors represent a physical description of the ISM
processes/timescales. One power of the TD kernels then is
our ability to place meaningful priors on them from other ISM
studies/observations. This would be an incredibly interesting
line of research to take forward. Right now, few other DM
models (outside of the SW) have any kind of physically
informed priors. Further study is required to figure out how to
effectively do this. Recent work (A. Geiger et al. 2025) has
shown that the chromaticity of scattering delays can change
epoch to epoch, which would make modeling these higher
chromatic terms particularly challenging. Thankfully, the
upcoming implementation of cyclic-spectroscopy backends
(J. E. Turner et al. 2025) will allow us to measure the
chromaticity and may even mitigate the majority of these
higher-order chromatic effects.
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Appendix A
Power Spectral Density of the Quasi-periodic Kernel

The quasi-periodic kernel in Equation (8) can be split into a
squared exponential component and a global periodic comp-
onent,

K(r) = P()L(1), (AL)

each of which we treat separately, where P () = e L s’G?) and

L) = o2 2. We remove the quadratic sine via a double

angle replacement, and replace period with angular frequency,
Wy = 27”, for neater notation giving P(f) = e 2e2 5@ A

hyperbolic trigonometric substitution,

rfr,. r
e 2 [eicowl’t] =e 2 [cosh (g cos wot)
+ sinh (g cos wot) ] s

and the following series representations,

coshx =Y zixz”, sinhx =) 5 1+ 1x2”“.
n n n n

Allow us to write the expression as

=1

_ L r > 2n
P(t)=e 2 [%: (2n)!(5) (coswopt)

+ i ;(E)zwl(cosw >l (A2)
—~ 2n+ 1\ 2 0 '

Powers of trigonometric functions have a convenient repre-
sentation; however, they are different depending on whether
the power is even or odd,

1 i @2n 4+ D! ' cosuwor(n — k + %))

(coswor) ! = =% —————
2 & K@+ 1 - k!

(coswgt — 1 @2n)! 2 i 2n)!
2 plpl 22 k\(2n — k)

X cosQRuwot(n — k)).
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Inserting these expressions into our expression for P(f) we have

00 2n n—1
P(f)ze_g[z ! (F) ( 1L @n) + 2 ﬂcos(2(,uot(n—k)))

—~ 2m\2) \ 22 ninl 227 = k1@2n — k)
> 1 | 2n + 1)! 1
+ Z —(—) —Z Lcos@wot(n —k+=)|] (A3)
L Cn+ DI\2 2o K2+ 1 = k)! 2
Simplifying and replacing the variable g = A we have local “squared exponential” component
2 K(t) = I(A)o? -5 ’[722
_oa | (é) n =1y oe 2|e 2
Pe)=e [; nin!\2 7
r 2
ol AN 1 + 211(A)azez[ezﬂcoswot]
+ 22;}(5) om0 cosQwot (n — k))
0o n A 2n+1 1 1 o 2 -r 71727
2 a (2 _ L + 2> bL,(A)o“e 2 [e 202 cosQw tm)]
+ ;0,;)(2) GO T ek ) mZ::l 2 0
A4 ad i
(A4) + 22 12m+1(A)Uzel;[e 2tz2 cosQuot(m + %))].
m=1
We can define a new index m = n — k, which implies n = m (A8)

+ k, throughout our expression. We can also shift over an

index in the second term so our second summations match up Applying the Fourier transform 7 to this representation and

remembering that the Hyperbolic Bessel Functions are simply

o 1 ANZH2m evaluated at a single point and not the full functions, we get
Pt)=e¢* e [
®=e 4§::0 n + )lm + k)!(z)
0o m+k 1 A\2k+2m ﬂK( )] I (F) 2 _Ff ,%
2 [ S— 20 1) = — 2 20
+ m%::lk;) Kk + 2m)!(2) cos(2wotm) n2)7° ¢
oo m+k 1 A 2k+2m+1 1 T T 12
2 _ | — 2 ER & L P -
+ ,E:og) G+ 2m T 1)!(2) cos(Quwot(m + =) + 21,(2)0 e z]—‘[e 202 coswot]
(AS5) o r . e
+ 22 Iz,n(—) 262.7-'[3 202 cos(2w0tm)]
The terms in these series match those in the defining series for m=1 2
the hyperbolic Bessel functions of the First Kind, with « being T r [ _~ 1
either 2m or 2m + 1, + 12m+1(—)02€ 2 F|e 202 cosQuot(m + E)) .
(A9)
00 1 z 2k+a
L@ =Y (2] (A6)
k=0 k!(k + a)!\2 Using the unitary Fourier transform defined as Flg(¢)] =
ﬁ f > g®e ™ dt = G(w), we can find the transform of the
—00
Since all our summation indices are themselves a sum we local “squared exponential” component of the kernel. The
have the freedom to let k be the variable over which we sum periodic contribution is similar.
over first. This lets us substitute in the Bessel functions
directly. The first term has no independent m indices so we can o |
- . - .7:[6 at ]: e 4a,
set m = 0 with no loss of generality J2a

Flg(t)cos(h)] = %G(u — b+ %G(w b, (AIO)

P(t)=e | Io(A) + 2 IA)2m cos(2wytm)
m=1 Combining both transforms is straightforward and we end

00 1 up with a term of the following form
+2 Z by 1(A)cosQuwot(m + 5)) . (A7)
m=0
.7-'[6“”2 COS(b)] = \/;_ e~ 3@ cos (Ziw) (A11)
a a
In this representation it will be much easier to perform the
Fourier transform of our entire kernel. So we multiply by the Substituting a = i and b = 0, wy, 2mwy, 2m + wy.
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Applying these to our expression of the Quasi-Periodic
Kernel

FIK ()] = o> (Io(g)e—ifzwz

+ 11(g)f%ﬂ(“ﬂ*”g)cos(ﬂwow)
[Izm(g)ef%lz(“”z“’"zw(z’)cos(2m[2w0w)
)e’%ﬂ(”“(z’"*')ng)cos((Zm + l)fzwow)]).

(A12)

Replacing wy = 2T we have the full analytic series
representation of the Fourier Transform of the Quasi-Periodic

Hazboun et al.

Kernel

FIK@D)] = to%e s

28 (§) A7)
m=1

X cos (th’z(z—ﬂ)w) + Iz,nH(E)
4 2

1 2( 2 2(2n 2)
—5 0w+ C2m+ 1)~ =F
we 2 (p)

cos((2m + 1)52(2_”)@]]. (A13)
P

Figure 13 demonstrates the effect of the various parameters
on the power spectral density of the quasiperiodic kernel.

Quasi-Periodic Kernel Spectrum

Variance: o

Length Scale: 1

Amplitude

Period: p

Amplitude
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Figure 13. Power spectral density of quasi-periodic time-domain kernel.
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Appendix B
Detailed Analysis Priors and Results

This appendix collects tables referenced in the main text
here to streamline the presentation. Table 2 summarizes the
prior choices used for all stochastic and deterministic noise
parameters. Table 3 lists posterior summaries for the time-
domain chromatic kernels, while Table 4 presents the inferred
parameters for annual variations and transient chromatic
events. Table 5 compares red-noise posteriors obtained under
the standard and preferred custom noise models. Table 6 lists
the inferred EFAC, EQUAD, and ECORR parameters for each
receiver/backend combination under the standard and custo-
mized noise models.

Table 2
Priors and Units on Noise Model Parameters during MCMC Analyses
Model Parameter Prior Units
EFAC U(0.01, 10.0)
WN EQUAD log,, U(10783, 1075) N
ECORR log,, U(10783, 1079) s
RN A log,, U(10720, 10~
v UuQo, 7
o log,, U(10719, 1074 s
14 log,, U(10', 10%) day
DM & r, log,, (1073, 10%)
Chromatic P log,, U(1072, 10" yr
Qg log,, U(107#, 10"
t, log,, (102, 107) MHz
AV A log,, (10719, 1072) s
o} U, 2m)
A log,, (10719, 1072) s
Cusp Tore/post log,, U(10°, 10%3) day
To Z/l(tmins lmax) MID
SW ng; U, 30) cm 3
ni+39 log, U(—4, —2) cm™

Note. The bounds, #iin and fmax, On the £, cusp parameter are determined on a per-
pulsar level. Additional tailored priors are used in the models for PSRs B1937+-21
and J1713+0747, as detailed in Sections 5.2.17 and 5.2.10, respectively.
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DM and Chromatic GP Noise Parameter Medians and 68.3% Bayesian

Credible Intervals

Pulsar log;,o ™M log;,¢®M log, T log;pp™™
B1855+09 —6.257012 2.3470%
B1937+21 —6.0675:0 1.96+00¢ —1.86*51] —1.7°93
B1937+21 —4.1975% 3.9%91 —1.2444 11593
J0030+0451 —6.5°94 3.0593 —1.279% —1L15
J0613—0200 —4.19799] 38401 —1.6192 0.66+5
J0645+5158 —5.9143 2.8703
J101245307 —6.7743% 1.2593 0.3+13 —0.5+93
J1024-0719 —6.6102 2.3402

J1455-3330 —6.6370%
‘J1600—3053 —6.2715:%¢ 1.83%99¢ —-0.9793 —~1.5%93
J1614—2230 —6.0670%2 1.81705¢ 02492 —1.2492
J1640+2224 —6.977549 1.8979% —-0.2703 —1.2792
J1713+0747 —7.065903 1.58+933 —0.2592 —~1.08+:92
173840333 —6.3+04 24102 :

J1741+1351 —6.801 1.999%

J1744—1134 —6.4%903 2,953
J1909—3744 —6.979%4 1514513 0.0°93 —1.1%
1191041256 —6.0793 2,692
J2010—1323 —6.451049 2.0550:08 —0.9493 —0.8%0%
1204341711 71431 20793 —0.8%14 —0.1798
J2317+1439 —6.3479%8 2174331 —1.5%04 —0.4192
Pulsar log; oo log; o<t log,, TS log;op™
B1855+09 —7.847908 17433 0.4%39 —11FgE
B1937+21 4384093 44501
J0030-+0451 —7.79*908 1.6704 17502 —1.2%%3
J0645+5158 —7.6*91 17504 0.1+ —0.4799
7101245307 —7.1451 21404
11600—3053 —6.8275%7 1.9%93 —0.1593 —1.2%93
J1614—2230 —7.749¢ 19553
J1640+2224 —7.6592 27501 - -
J171340747 —7.4540% 1.7+93 1.3493 —1.10%9!
J1738+0333 —5.6792 3.5404
J1744—1134 —~7.3615:9¢ 1.2591
11909—3744 —7.714397 14797 124908 —0.779§
1231741439 —5.74+0%8 3.9379% .

Note. Dashes are used in place of parameters that were not included in the
preferred model. Here, PSR B19374-21 is listed twice since its preferred
model includes two DM GPs. Not all pulsars include an additional chromatic
model. ‘These two pulsars favor the QP_RF kernel and each includes two
additional DMGP parameters. The additional parameters are for PSR J1600
—3053, loggowe = —1.0582, and log, 6, = 2.6%04 and for PSR J1713
10747, loggome = — 14755, and log, £ = 2.6704.
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Table 4

Deterministic Parameter Medians and 68.3% Bayesian Credible Intervals
Pulsar ]OgIOAdip/Cusp log,, Tgir};/cuw log,o ng)s{cusp t(;lip/cu.sp Xdip/cusp IOgIOUAV 10g10¢AV
10613—0200 —6.9704 0.8+49 564874714326 4 —6.73"6:0 24151
716142230 ~7.8%13 30718
1171340747 —5.82750 2.0070.98 54758.6+48 2
1171340747 —5.8579%3 156799 57510.3713 1357538
J2043+1711 —7.1*+08 0.0475%% 0.2793 57377.0%17 2
J204341711 —6.677519 0.7+4 18793 57084.7433 4
1231741439 —6.647938 2,004 0.20¢ 53385.7+39°2 2

Note. Includes exponential dip/cusp events and Annual DM Variations (AV). Exponential dips, which are special cases of the generic cusp model, do not include
logTpre. Here the preferred models for PSR J1713+0747 and PSR J20434-1711 favored multiple events.

Table 5
Red Noise Parameter Medians and 68.3% Bayesian Credible Intervals, Under
Both the Standard and Customized Noise Models

Standard Noise Model Custom Noise Model

Pulsar log;,Arn RN log;Arn RN
B1855+09 —14.07%4 42412 —14.0794 42412
B1937+421 —13.5%01 34793 —13.4%01 3.2504
J0030-+0451 —14.7%03 5341 —14.5%03 49113
J0613-0200 —13.5102 2,144 —13.733 2.5559
J0645+5158 —14.295% —13. 7%%
J1012+5307 —12.8+01 13554 —13.1591 13554
J1024—-0719 —13.0%% —13. 5%%
J1455-3330 —13.7%%% —13.4%03 22420
J1600—3053 133501 03793 —13.3%5%

J1614-2230 —14.4%% . —14. 4%

7164042224 —14.195% —14. 2%
J1713+0747 —14.0*91 11333 153293 40718
J1738+4-0333 —14. 2%5% —13, 3%%

J1741+1351 —13. 6°% —13. 7%
J1744—1134 —13.6%93 2.9+22 —14.9%0¢ 55519
119093744 —14.8437 4.4+18 —14.3%%3 37503
J1910+1256 —13.7%% —13.2%%

J2010—1323 —14. 1957 —13. 8%
J2043+1711 —14.27%4 374132 —13. 9%%
J2317+1439 —15.1798 53412 —15.0%7 5.4+1)

Note. Where the red noise process is statistically insignificant (BF*™ < 10)
under the model, we instead report the 95% upper limit (one-sided Bayesian
credible interval) on the red noise amplitude.

Table 6
log,,ECORR Medians and 68.3% Bayesian Credible Intervals, Under Both
the Standard and Customized Noise Models

Pulsar Revr/Backend Std. Noise Cus. Noise

B1855+09 430_ASP —6. 4%°% —6. 423%
430_PUPPI —5.5%% —6. 17%
L-wide_ASP —6.004093 —6.095002
L-wide_PUPPI —6.64107 —6.570%

B1937421 L-wide ASP —6.94139 -6.9%5%
L-wide_PUPPI —7.043097 —7.28+3419
Revrl 2 GASP —6.967%42 7.4%5%
Revrl_2_GUPPI —6.874093 —7.045002
Revr_800_GASP —7. 4%9% —7.5%%

Revr_800_GUPPI —6.44+0:08 —6.475002

21

Table 6
(Continued)
Pulsar Revr/Backend Std. Noise Cus. Noise
S-wide_ASP —6.5610%7 —6.7013%
S-wide_PUPPI —6.8710% —6.91°9%
J0030+0451 430_ASP —6. 7% —6. 8%
430 PUPPI -6.35% —6.5101
L-wide_ASP —6. 8%% —6. 877
L-wide_PUPPI —7.0%% —6. 8%
S-wide_PUPPI —6. 5% —6.57%
J0613—0200 Revrl_2_GASP —6. 677 —6. 57%
Revrl_2_GUPPI —6. 6% —6. 6°%
Revr_800_GASP —6. 9% —6. 8%
Revr_ 800 GUPPI —6.8701 -6.775%
J0645+5158 Revrl_2_GUPPI —6. 9% —6. 7°%
Revr_800_GUPPI —6. 8% —6. 9%
J1012+5307 Revrl_2_GASP —6. 2% —6. 2%
Revrl_2_GUPPI —6.39109 —6.361092
Revr_800_GASP —6. 8% —6. 89%
Revr_800_GUPPI —6. 9% —6. 8%
11024—0719 Revrl_2_GASP —5.8%% —5.8%%
Revrl_2_GUPPI —6. 4% —6. 59%
Revr_800_GASP —5.65% —5.8%%
Revr_ 800 GUPPI -6.5%% —6.53+019
114553330 Revrl_2_GASP —5.6"% —5.6"%
Revrl_2_GUPPI —6. 7% —6. 6°%
Revr_800_GASP —5.9%% —6. 0%%
Revr_800_GUPPI —5.8%% —6. 6°%
J1600—3053 Revrl_2_GASP —6. 4% —6. 7%
Revrl 2 GUPPI —6.9191 -6.95%
Revr_800_GASP —6. 3% —6. 5%
Revr_ 800 GUPPI —6.2910% -6.7°5%
J1614—2230 Revrl_2_GASP —6. 4% —6. 47%
Revrl_2_GUPPI —7.0%% —7.0%%
Revr_800_GASP —6.2%% —6. 2%
Revr_800_GUPPI —6. 5% —6. 2%
1164042224 430_ASP —7.0%% —7.0%%
430 PUPPI -6.3%% —6.25109%
L-wide_ASP —6.28+0%8 —6.32+008
L-wide_PUPPI —6.4135% —6.3819%3
J1713+0747 L-wide_ASP —7.0315% —6.94+0%7

L-wide_PUPPI

—7.14505% —7.134093
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Table 6
(Continued)
Pulsar Revr/Backend Std. Noise Cus. Noise
Revrl_2_GASP —7.0%% —7.19%
Revrl_2_GUPPI —7.1373%3 —7.19%9%
Revr_800_GASP —7.1%% —7.19%
Revr_800_GUPPI —6.7379% —6.947908
S-wide_ASP —6.881008 —6.867008
S-wide_PUPPI —7.301984 —7.2759%
J1738+4-0333 L-wide_ASP —6. 19% —6. 4%
L-wide_PUPPI -6.875% —6.851010
S-wide_ASP —6. 3%% —6. 4%
S-wide_PUPPI —6. 99% —6. 99%
J174141351 430_ASP —5.1%% —5.2%%
430 _PUPPI -6.195% —6.24+047
L-wide_ASP —6. 19% —6. 19%
L-wide_PUPPI —6.9501 —6.92799%
J1744—1134 Revrl_2_GASP —6.2910:18 —6.3740%
Revrl_2_GUPPI —6.54+093 —6.5710%
Revr_800_GASP -6.475% —6.417%9
Revr_800_GUPPI —6.40700 —6.427993
119093744 Revrl_2_GASP —7.5%% —7.5%%
Revrl_2_GUPPI —~7.1459% —7.1019%3
Revr_800_GASP —7.3%% —7.2%%
Revr_800_GUPPI —7.2740:08 —6.98+0:0
J1910+1256 L-wide_ASP —6. 19% —6. 2%
L-wide PUPPI -6.55% —6.7015%
S-wide_ASP —6.2%% —6. 2%
S-wide_PUPPI —6.22+001 —6.261091
12010—1323 Revrl_2_GASP —5.9%% —5. 9%
Revrl_2_GUPPI —6.99% —7.0%%
Revr_800_GASP —5.9%% —6. 2%
Revr_800_GUPPI —6. 87% —6. 59%
12043417117 430_ASP —5.9%% —6. 2%
430 _PUPPI -6.7%5% —6.35400%
L-wide_ASP —6. 2% —6. 19°%
L-wide PUPPI -7.195% —7.0133:%8
J2317+1439 327_ASP —6. 99% —6. 4%
327_PUPPI —6. 19% —6. 59%
430_ASP —6.5159%¢ —6.5751
430 _PUPPI -6.4%5% —6.25+00%
L-wide_PUPPI —6.6510%3 —6.661093

Note. ECORR params are reported by pulsar and backend. Where ECORR is
statistically insignificant (BFECO®R< 10) under the model, we instead report
the 95% upper limit (one-sided Bayesian credible interval) on log,,ECORR. In
bold are all backends/ECORR parameters that change from significant to
insignificant or vice versa, corresponding to Figure 5. ‘See Figure 9 for a
discussion of how additional changes to the model make the ECORRS for PSR
J2043+1711 insignificant.
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