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Abstract

We quantify pulsar timing array (PTA) sensitivity to anisotropy in the gravitational-wave (GW) background using
the cross-correlation-based Fisher information matrix in the pixel and spherical harmonic bases. We use a set of
simulations to empirically determine scaling relations of a PTA’s sensitivity to anisotropy with the number of
pulsars N, in the array, the error éf on the times of arrival, the frequency fGw of the GWs, and the angular scale
A of the anisotropy. The sensitivity scales approximately as Nl?sﬁg , 6% "and AQ'® — AQ*! (depending on the
ranges of ¢ and m under consideration). In addition, we use realistic s1mu1at10ns to project the NANOGrav PTA
sensitivity to a 30 yr baseline and quantify the growth in sensitivity at several time slices. Except at the lowest
frequencies, we find negligible effect on sensitivity through increasing the observation duration only. Finally, we
introduce a multi-resolution pixel basis motivated by the large dependence of the sensitivity on sky location, and
demonstrate the operation of the basis through a set of injections and recoveries.

Unified Astronomy Thesaurus concepts: Gravitational waves (678); Pulsars (1306)

1. Introduction approximately milliparsec scales, they are visible via nano-

Supermassive black holes are thought to reside at the center hertz-frequency gravitational waves (GWs). These low-

of many massive galaxies (D. Richstone et al. 1998). When
these galaxies merge, the black holes are brought closer and
may become gravitationally bound as a supermassive black
hole binary (SMBHB). These systems harden due to interac-
tions with nearby stars and other matter (M. C. Begelman
et al. 1980), and as the separation of these systems reaches
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frequency GWs are outside the band of ground-based GW
detectors like the LIGO-Virgo-KAGRA (F. Acernese et al.
2014; T. L. S. Collaboration et al. 2015; T. Akutsu et al. 2021)
network but are detectable by pulsar timing array (PTA)
experiments.

PTAs are arrays of highly stable millisecond pulsars
(D. C. Backer et al. 1982), which emit beams of radio
emission that can be observed using radio telescopes as the
beams sweep across Earth with every rotation of the pulsar.
Through precision timing of pulsar emission, a set of times of
arrival (TOAs) can be generated for each pulsar
(M. V. Sazhin 1978; S. Detweiler 1979). PTA collaborations
compare these TOAs with predicted TOAs from a timing
model which accounts for various deterministic and stochastic
physical effects. For example, timing models include the
pulsar’s position and spin dynamics and the effects of the
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interstellar medium. The differences between the timing model
and the observed TOAs are the timing residuals for a pulsar.

There can be several sources of nonzero residuals, such as
random telescope noise, clock calibration errors, poorly
modeled solar wind, intrinsic pulsar noise, and, importantly,
GWs. To distinguish a gravitational-wave background
(GWB) from other sources, PTA collaborations cross-
correlate the residuals of the pulsars in the PTA and fit the
correlations with the Hellings—Downs (HD; R. W. Hellings
& G. S. Downs 1983) correlations model, which is the
signature, ensemble-averaged set of correlations induced by
an isotropic, stochastic GWB. The HD correlations, FS,D,
depend only on the angular separation &, between pulsars a
and b,

FHD — E(l — Cos Etlb)ln 1 — Czosgab

abfz )
1 — cos 1 Oq
_ 1 —cos&y — 4 ek 1)
8 2 2

where 6., is the Kronecker delta. These correlations
distinguish the GWB from other sources which are either
uncorrelated between pulsars, like pulse phase jitter, or have
non-HD spatial correlations, like clock errors, which produce
monopolar correlations in the residuals (G. Hobbs et al.
2012, 2019).

In recent years, PTA collaborations have reported, with
various levels of statistical significance, evidence for an HD-
correlated GWB (G. Agazie et al. 2023a; EPTA Collaboration
et al. 2023; D. J. Reardon et al. 2023; H. Xu et al. 2023;
M. T. Miles et al. 2024). The signal was consistent with being
produced by a population of merging SMBHB systems
(G. Agazie et al. 2023b) in the local Universe, though more
exotic, cosmological sources fit the data comparably well
(A. Afzal et al. 2023). These interpretations are not mutually
exclusive, and the GWB could be the sum of an astrophysical
GWB and a cosmological GWB. Nevertheless, there is interest
in validating one or both interpretations of the GWB and
placing constraints on the relevant astrophysical and cosmo-
logical models.

The two interpretations generally predict different power
spectral densities (PSDs), so one method of distinguishing the
origin is by making highly constraining measurements and
characterization of the GWB’s PSD (A. R. Kaiser et al. 2022).
Another method is to use the spatial variation in the GWB.
Cosmological GWBs may have some level of anisotropy due
to, e.g., interference of GWs, but are generally statistically
isotropic (C. Caprini & D. G. Figueroa 2018). On the other
hand, astrophysical GWBs may have significant anisotropy
due to loud, nearby SMBHBs which stand out against the
background (C. M. F. Mingarelli et al. 2017). Astrophysical
GWBs may also have anisotropy which is correlated with the
distribution of galaxies in the Universe (C. M. F. Mingarelli
et al. 2017). Detecting anisotropy consistent with the SMBHB
interpretation would be strong evidence in favor of that
interpretation. A nondetection of anisotropy with PTAs would
be in tension with the astrophysical interpretation and would
favor the cosmological interpretation. Therefore, constraining
anisotropy in the GWB is highly relevant for determining the
GWB’s origin.

The rest of this paper is organized as follows. In Section 2,
we describe how to construct anisotropy sensitivity curves and
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how the simulations for this work were produced. In Section 3,
we present sensitivity curves made with simulated data as well
as scaling relations of PTA sensitivity to anisotropy and
realistic projections of the NANOGrav PTA sensitivity into the
future. We discuss our results in Section 4 and end in Section 5
by introducing the new, multi-resolution pixel basis and
presenting the results of injection-and-recovery simulations to
validate the basis.

2. Methods
2.1. Anisotropy Methods and Sensitivity

Anisotropy can be searched for in PTA data using cross
correlations to model the angular power distribution of the
GWB (e.g., C. M. F. Mingarelli et al. 2013; S. R. Taylor &
J. R. Gair 2013; N. J. Cornish & R. van Haasteren 2014,
S. R. Taylor et al. 2020).

The overlap reduction function (ORF) T',;, given a GWB
angular power density P(2) is (E. E. Flanagan 1993),

Lo = |, Ra@ P, @

where Rab(fl) is the antenna response of pulsar pair ab given
by

3 x
Rubzz[}'ijTJrfa Bl 3)
where 7 is the response of pulsar a to A-polarized GWs,
N ~j
Fl= Lol )
1+Q-p,

where p, is the position unit vector of pulsar a, Q) is the GW
propagation direction, and e is the polarization basis tensor.

For an isotropic GWB, the power density P({2) is the same
across the sky, (47 sr)fl, and the cross correlation for pulsar
pair ab is the sky average of Rap(CD), resulting in the HD
correlations THP in Equation (1). An anisotropic GWB, on the
other hand, has different power in different directions on the
sky, and is thus represented by a more general distribution of
the GWB power on the sky, P({).

Many bases exist to decompose the power, and in this work,
we consider the radiometer pixel basis (S. W. Ballmer 2006;
S. Mitra et al. 2008; M. Anholm et al. 2009) and the spherical
harmonic basis (C. M. F. Mingarelli et al. 2013; S. R. Taylor &
J. R. Gair 2013). The radiometer Pixel basis uses delta function
basis functions and a HEALPix’> (K. M. Gorski et al. 2005)
tessellation of the sky to model the power. This basis assumes
the power in each pixel is uncorrelated with the power in other
pixels. The spherical harmonic basis expands the power P in
real spherical harmonics up to some cutoff multipole. The
estimator is then the spherical harmonic coefficients ¢y, in the
expansion,

P = Z Cim Yim- (5 )
The real spherical harmonics Y}, are linear combinations of the

spherical harmonics such that their imaginary components
cancel.

73 hitp://healpix.sf.net
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Note that PTA anisotropy searches often use a power vector
P with elements that are relative power densities in each pixel
(B, = 4 P(%)), or c,, coefficients in the spherical
harmonics basis, and define a response matrix R in such a
way that the ORF is I' = RP.

We use the per-frequency optimal statistic (PFOS;
K. A. Gersbach et al. 2025) to compute pulsar pair cross
correlations p,(fr), their uncertainties o,,(f;), and the
covariance matrix C(f;) of the correlations, where a and b
represent pulsars, and f; is a frequency in the Fourier basis
used to model the GWB, k/ Tipan (L. Lentati et al. 2013).

The cross correlations are given by (K. A. Gersbach et al.
2025)

X! 3(f)X,
tr[Z,d(f)ZyP(f)1

where X, and Z, are matrices which are constructed from the
noise properties and models of pulsar a (N. Pol et al. 2022;
K. A. Gersbach et al. 2025).

The cross-correlation uncertainties are given by

Z,9(f)Zpd(f) ‘
tr[Z, ¢(f) Zo®(f)T

The pulsar pair covariance matrix,

C(fk) = <pab(f]'c)pcd(fl‘c)> - <pab(fl'c)> <pcd(fl‘c)>’ (8)

has elements derived and given in K. A. Gersbach et al.
(2025). See K. A. Gersbach et al. (2025) for more details on
the PFOS framework and the above quantities, including
explicit expressions for C(f;).

Given a cross-correlation vector p of length N, the number
of cross correlations, the log-likelihood for p, given a model
power distribution of the GWB P(Q), is (J. D. Romano &
N. J. Cornish 2017; Y. Ali-Haimoud et al. 2020, 2021; N. Pol
et al. 2022)

(6)

Pab (fk ) =

oa(fi) =

)

log L(p|P) = —%(p — RP)'C'(p — RP) + constant,
)

where P is an N (N,) vector containing the power

decomposition of P(Q) in the radiometer (spherical harmonic)
basis and R is a matrix related to the antenna response R, but
with an extra normalization factor ;;; for the pixel basis and
convolved with the real spherical harmonics for the spherical
harmonic basis. Explicitly,

1 A
Riy = —Ra(%) (10)
pix

for the pixel basis, and

Npix

R =" Yi(QORS, (11)
k=1

for the spherical harmonic basis.

Since these two bases express the power in linear
combinations of the basis eigenfunctions, the maximum
likelihood solution for P can be found analytically by partial
differentiation of log £ with respect to P and solving for the
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root. The solution is
P=MX, (12)

where M is the Fisher information matrix given by
M = R'C'R, and X is the dirty map, given by
X = R'C 'p. X here is unrelated to the pulsar-specific matrix
X, previously shown in Equation (6). The covariance of the
model parameters P; is the inverse of the Fisher information
matrix, so the uncertainty on the regression parameters can be

approximated by +/diag(M~"). For the radiometer pixel basis,
this is a vector of Ny elements giving the uncertainty in the
recovered power in each pixel, and for the spherical harmonic
basis, this is a vector of N, elements giving the uncertainty in
the ¢y, coefficients. To compute these matrices, we use the
existing frameworks in Defiant (K. A. Gersbach et al.
2025), a software package for the PTA optimal statistic (OS;
M. Anholm et al. 2009; P. B. Demorest et al. 2012; S. J. Cha-
mberlin et al. 2015), and in MAPS (N. Pol et al. 2022), a
software package for PTA anisotropy searches and methods.
Although we base our analyses on the previously-mentioned
software, we accelerate the computations with JAX (J. Bradb-
ury et al. 2018), among other optimizations, to achieve a
speedup of ~50,000 times (when run on an NVIDIA A100).
The relevant code is available on GitHub as a fork’® of
Defiant.

We use the uncertainties given by /1/diag(M) (i.e.,
neglecting covariances between basis functions) to quantify
the sensitivity of a PTA to anisotropy in the GWB. In the
radiometer basis, this gives a sky map of uncertainties. In the
spherical harmonic basis, this gives a set of uncertainties at
each angular scale corresponding to the £ value as well as each
directional orientation corresponding to the m value. In any
basis, using the PFOS gives uncertainties as a function of
frequency, and this information can be used to construct
anisotropy sensitivity curves.

2.2. Simulations

We wish to study how the uncertainties scale with properties
of a PTA, namely, the number of pulsars N, time of arrival
(TOA) error 6t, and the GW frequency fgw at which the search
is performed. To this end, we use 1ibstempo’’ to generate
simulated datasets based on the NANOGrav 15 yr dataset. We
simulate two types of datasets. The first set is used to
determine scaling laws of the uncertainties with Ny, o, fGw,
and angular scale. We describe the details of the simulations
below. The second set is used to forecast the sensitivity of the
NANOGrav PTA into the future by exploring the effect of
increasing Tp.n On the sensitivity to anisotropy (we change
Tspan Only and not Ny, or TOA uncertainty to isolate the effect
of increasing the observation baseline).

For the first set of simulations, we aim to find scaling
relations of PTA sensitivity to anisotropy with various PTA
parameters. We again begin with the NANOGrav 15yr
dataset. We simulate 100 datasets with different noise
realizations for each combination of N, and TOA uncertainty
in the sets of 17, 34, 51, and 67 pulsars and 100 ns, 500 ns, and
1 us uncertainty, respectively, giving a total of 1200 datasets.

7
7

© github.com /TTMoursy /defiant
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For a given choice of TOA uncertainty, we set all TOAs in
these datasets to have the same uncertainty. In the datasets
with less than 67 pulsars, we randomly select the subset of
pulsars, and we use the same subset across levels of TOA
uncertainty, but we use a different random selection for each
realization of injected noise processes. For example, in the 17
pulsar case, we simulate 3 datasets with the same 17 pulsars
but with 100 ns, 500 ns, and 1 ps TOA uncertainties, and then
another three datasets with a different random choice of 17
pulsars, and so on until there are 300 datasets in total that have
17 pulsars, and those 300 datasets in total contain 100 choices
of 17 pulsars. We use the same pulsar positions and timing
models as the real dataset, but we extend the timing baseline of
each pulsar to 20 yr. Each pulsar thus has the same timing
baseline but different start and end observation dates. We use
epoch-averaging to reduce the number of TOAs and thereby
reduce the computational cost of analyzing the datasets
(N. S. Pol et al. 2021). We inject intrinsic red noise (IRN) in
each simulated pulsar with the values given in Table A1 of the
Appendix, which were measured from the real NANOGrav
15 yr dataset (G. Agazie et al. 2023c). We inject an isotropic
GWB with an amplitude of Ay, = 2.4 X 10" and spectral
index v = 13/3, consistent with the reported values in the
NANOGrav 15 yr GWB search (G. Agazie et al. 2023a).

For the second set of simulations, we generate 50 datasets
with different realizations of measurement noise, IRN, and the
GWB. To make each dataset, we begin with the NANOGrav
15 yr dataset and extend it to 30 yr of observation. The pulsars
in this set of simulations do not have the same baselines as one
another. We use the same pulsars and timing models again as
in the real dataset, and we inject the same IRN and GWB
values mentioned in the previous paragraph. The injected
measurement noise is realistic in these datasets however in
contrast to the scaling law simulations, and we use the method
of N. S. Pol et al. (2021) and the measured noise from the real
dataset for these injections.

To analyze the datasets in each of the two sets previously
described, we first perform common uncorrelated red noise
(CURN) broken power-law analyses to determine the number
of Fourier modes that have support for a common process.
We use ENTERPRISE (J. A. Ellis et al. 2020), enterpri-
se extensions (S. R. Taylor et al. 2021), and
PTMCMCSampler (J. Ellis & R. van Haasteren 2017) for
these analyses. We then perform CURN power-law analyses
using the previously determined number of Fourier modes to
model the GWB. We again use the same software for these
analyses. We use the resulting posteriors for IRN and the
GWB spectral parameters to compute the noise-marginalized
(S. J. Vigeland et al. 2018), pair-covariant PFOS (K. A. Gers-
bach et al. 2025), and pulsar pair cross-correlation information.
We convert the PFOS values S) to characteristic strain with
he(f) = 12738 Tpan (P. A. Rosado et al. 2015), where
Tipan is the total observation duration of the simulated PTA.
We use the cross-correlation uncertainties to compute the
Fisher matrices for the two bases being considered in this work
and as described in Section 2.

To obtain the uncertainty in h.(f;) in each pixel of the
radiometer basis, we multiply 4.(f;) by the relative uncertainty
in the Pixels, given by the square root of the diagonal elements
of M. At this point, we have uncertainties on /. as a function
of both frequency and sky location, o (f,, £2). We produce
sensitivity curves by selecting a sky location and tracking the
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uncertainty in A, at that location across frequencies. We can
also similarly produce sky-averaged sensitivity curves by
taking the sky-averaged uncertainty at each frequency. To
compare our results with prior work on isotropic GWB
sensitivity curves, we use the formalism implemented in
hasasia (J. Hazboun et al. 2019) to calculate sensitivity
curves for our simulated datasets. Specifically, we compute
sensitivity curves for an isotropic stochastic GWB and
compare them to map-averaged anisotropy sensitivity curves
neglecting pair covariance.

For the spherical harmonic basis, the regression coefficients
are the ¢, values, so the square root of the diagonal elements
of M~' gives the uncertainties on the spherical harmonic
coefficients rather than the power in the pixels as in the
radiometer pixel basis. We compute the Fisher matrices
similarly to the process for the radiometer pixel basis and
then analyze the scaling of the c¢;, uncertainties with
frequency, number of pulsars, rms TOA error, and the angular
scale £.

3. Results
3.1. Sensitivity Curves

In Figure 1, we show sensitivity curves of a simulated PTA
from the first set of simulations described in Section 2.2. The
map-averaged curves are consistent with the stochastic GWB
sensitivity curves generated using hasasia. The curves that
correspond to the most sensitive sky location of the PTAs are
about a factor of 2-3 times more sensitive than the least
sensitive sky location curves, which shows that the sky
location of excess power in an anisotropic GWB can be an
important factor in the time to detection.

Including the pulsar pair covariance in the covariance matrix
(B. Allen & J. D. Romano 2023; K. A. Gersbach et al. 2025)
has a significant impact on the sensitivity through an increase
in the Fisher uncertainty for a given pixel, resulting in lower
overall sensitivity. The covariance of the correlations has to be
accounted for because the null hypothesis in anisotropy
searches is an isotropic GWB (K. A. Gersbach et al. 2025),
which induces covariant cross correlations. Neglecting the
covariance is appropriate in searches for an isotropic GWB;
however, the null hypothesis in that case is noise. We find that
at the lowest frequencies, the sensitivity is overestimated by a
factor of 2, and the overestimate reduces with higher
frequencies until the ratio is approximately one. The agree-
ment at higher frequencies is due to the magnitude of pair
covariance scaling directly with the GWB power, which
decreases at higher frequencies due to the assumed power-law
behavior of the GWB.

3.2. Scaling Laws

The scaling law analyses were performed by computing the
Fisher matrix in the pixel basis and spherical harmonic basis
and grouping the results by the PTA parameter of interest,
namely Ny, TOA uncertainty, and GW frequency, as well as
angular scale for the spherical harmonics basis. We then fit a
line to the log-log transformation of the square root of the
diagonal elements of the Fisher matrix, \/diag(M), versus the
values of the parameter of interest. We choose to represent the
scaling laws with respect to ,/diag(M) as it is easier to
interpret than the corresponding uncertainties, with larger
values representing higher sensitivity. To condense all the



THE ASTROPHYSICAL JOURNAL, 1008:205 (15pp), 2026 September 10 Moursy et al.
1078 & T T T T T
—— Pair covariant OS
—— Non pair covariant OS
hasasia GWB curve
- 10714 L 4 L 4 L 4
1079 1078 1079 1078 1079 1078
faew (Hz) faw (Hz) Jaw (Hz)

Figure 1. Pixel basis anisotropy sensitivity curves using a simulated dataset with 67 pulsars, 100 ns TOA uncertainty, and pulsars with baselines of identical length.
These curves were generated by choosing a sky location for the left and right panels and averaging over all sky locations for the middle panel. The sky location of the
left panel is a region of low pulsar density and correspondingly low sensitivity, whereas the sky location of the right panel is representative of the most sensitive sky
location for the simulated PTA. This figure shows (i) validation against hasasia by comparing the map average to a hasasia GWB curve of the same dataset, (ii)
the overestimated sensitivity when one neglects pair covariance, and (iii) the effect of sky location (or, more fundamentally, pulsar density) on the sensitivity of

PTAs to anisotropy.

sensitivity estimates to a single value for each parameter value,
we take the median of the noise-marginalized distribution, i.e.,
the median of 1000 sensitivity estimates corresponding to 1000
noise draws, and then again take the median of the distribution
across different realizations of the datasets. To fit a line to the
data, we use LMFIT with asymmetric error bars on the data.
The upper error bar is taken as the difference between the 75th
and 50th percentiles, and the lower error bar is taken as the
difference between the 50th and 25th percentiles.

We show in Figure 2 the scaling of ,/diag(M) in the pixel
basis with Ny, TOA uncertainty, and GW frequency. We find
a median scaling law exponent of /diag(M) with N of
0.8 £ 0.1, with the uncertainty being 1 standard deviation. The
same analysis for TOA uncertainty and fgw gives scaling law
exponents of —0.08 £ 0.01 and —0.12 £ 0.04. We note that
this dependence on fgw is for the Fisher matrix only, and does
not include the total contribution from the pulsar transmission
functions (J. S. Hazboun et al. 2019), encoded in the
transformation to PSD or 4. The total frequency dependence
of the sensitivity in PSD space or &, space can be obtained by
dividing this result by the frequency dependence of the PSD or
equivalent characteristic strain in the PTA.

In Figure 3, we show the spherical harmonic basis Fisher
matrix scaling with N, TOA uncertainty, and GW frequency.
The scaling relations are similar to those in the pixel basis. In
Figure 4, we show the scaling with angular scale (given by
180°/¢ for ¢ > 0 and 360° for £ = 0). For this scaling, we use
only the ¢, coefficients with 8 <¢< 20, as lower values
of ¢ follow a different, significantly shallower evolution.
We verified that our results for this scaling law
(/diag(M) o« AQ®) do not change significantly whether
holding N, fixed at 67 or including sensitivity results from
all four N, values that were used in this work. The scaling
law exponent for the selected range of £ values is 1.58 £ 0.03.
The slope of the scaling law line does not change significantly
when reducing the ¢ range to 10 < <20 and including all
values of Np.

For ease of reference, we list our scaling relation results
below:

Jdiag(M) oc N+, (13)
Jdiag(M) oc ¢~ 0-08+001 (14)

Jdiag(M) oc fou 200 (15)

The scaling with angular scale is more nuanced, so we refer
the reader to Figure 4 and the related discussion in Section 4.

3.3. Forecasting PTA Sensitivity

Using the realistic simulation set, we compute sensitivity
curves for time slices at 16, 20, 25, and 30 yr. We compare the
sensitivity at 16 yr to the sensitivity at longer baselines as
follows. First, we generate the sensitivity curves at the
different time slices using the noise-marginalized, pair-
covariant PFOS. Next, we determine the sensitivity growth
as a function of frequency. However, the frequency bins
spaced at multiples of, e.g., 1/30 yr are not the same as those
for 1/16yr. Therefore, to compare the sensitivity at each
frequency, we select the multiple of 1,/30 yr which is closest to
each frequency bin of the 16 yr simulations and compute the
percent change in sensitivity relative to the 16 yr sensitivity at
each of the first four frequency bins. We then have a percent
change in sensitivity for each T,,, for each noise draw, for
each frequency, and for each dataset. We show in Figure 5 the
noise-marginalized median changes in sensitivity as a function
of Typan. We also show the absolute sensitivities at 16 and 30
yr in Figure 6 for a pixel with relatively low sensitivity and a
pixel with relatively high sensitivity, but in this figure, we
reduce the noise-marginalization spread down to a point
estimate (the median). The curves in Figure 6 are then medians
across realizations with error bars representing 1 standard
deviation across realizations.

4. Discussion

From our sensitivity curves in Figure 1, we validate our
method of making sensitivity curves against hasasia in the
isotropic limit but now have a generalized method of
quantifying PTA sensitivity to anisotropy, which can be
computed at any sky location or for any spherical harmonic
basis function. Note that C. M. F. Mingarelli et al. (2013),
S. R. Taylor & J. R. Gair (2013), and C. M. F. Mingarelli et al.
(2026) develop expressions for the expected angular power
spectrum of a GWB, so one could use our method to quantify
the sensitivity of a PTA to such power spectra. In this work,
we also use our method to quantify the overestimate in
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Figure 2. Pixel basis power-law scaling exponents as a function of sky location and (left) number of pulsars, (center) TOA uncertainty, and (right) GW frequency.
The Fisher matrix diagonal elements increase with the number of pulsars and decrease with TOA uncertainty and GW frequency.
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Figure 3. Spherical harmonic basis power-law scaling exponents as a function of (left) number of pulsars, (center) TOA uncertainty, and (right) GW frequency. The
exponents are grouped by the ¢ value of the ¢, coefficient, and the spread at each ¢ value corresponds to different m values. |/diag(M) scales with a positive
exponent (i.e., increases) with the number of pulsars and a negative exponent (i.e., decreases) with TOA uncertainty and GW frequency. The cyan markers
correspond to an analysis performed setting £pax to 8. The black markers correspond to an analysis performed setting £pax to 20. The power-law exponents generally
take more extreme values at smaller angular scales.
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Figure 4. Sensitivity scaling in the spherical harmonic basis as a function of angular scale. Here, we define angular scale as 180°/¢ for £ > 0 and 360° for ¢ = 0. The
sensitivity increases with the angular scale of the anisotropy. Left: the markers and error bars correspond to the medians and 25th-75th percentiles of the
distributions. Only the Fisher matrix elements corresponding to coefficients with 8 < ¢ < 20 and m = 0 were used in fitting the line. Right: the power-law exponents
obtained by fixing m to different values and considering only 10 < ¢ < 20. The dependence on m is due to the anisotropic distribution of pulsars in the array and the
fact that m sets the orientation of the spherical harmonic. For example, m = 0 corresponds to anisotropies at the north and south poles of the sphere (high and low
declinations), while m = 10 corresponds to anisotropies closer to the equator of the sphere for the range of ¢ values considered.

sensitivity (roughly a factor of 2 at the lowest frequencies) noise but insignificant at higher frequencies where the GWB is
when the covariance between pulsar pair correlations is weak relative to the noise.

neglected. This overestimate is most significant at lower In addition, our simulated sensitivity curves show the large
frequencies where the GWB signal is larger relative to the effect sky location has on PTA sensitivity to anisotropy, with
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Figure S. Percent change in sensitivity as a function of T,,. All percentages are measured relative to the 16 yr baseline. The distributions contain the medians of
each simulation, and the markers and lines represent the medians of the distributions. The rows represent different frequencies: 1/Tpan t0 4/Tpan from top to bottom.
The sky location is fixed to a pixel of relatively low (high) sensitivity in the left (right) column. Some changes in sensitivity extend beyond what is shown here, but
we restrict the plot’s limits to improve legibility. We note that these results include pulsar pair covariance. There is negligible dependence of sensitivity on Tyan
alone except at the lowest frequencies. This is because the T,y of individual pulsars grows with time and so pulsars which previously had too short a baseline to
contribute appreciable sensitivity to the lowest frequency bins begin to have greater impact on the sensitivity after being observed long enough to reach the

lowest bins.

the most sensitive pixel being a factor of ~2-3 times more
sensitive than the least sensitive pixel for the PTA configura-
tion used. This effect is due to the anisotropic distribution of
pulsar density in a PTA.

From our scaling law analyses for number of pulsars, TOA
uncertainty, GW frequency, and angular scale, we found that
the sensitivity of a PTA to anisotropy increases with the
number of pulsars roughly linearly but with a strong
dependence on pulsar density and angular scale. We also
found that the sensitivity decreases with increasing TOA
uncertainties but with a weaker dependence than the depend-
ence on the number of pulsars. Our results for the number of
pulsars and TOA uncertainty are in general agreement with the
scaling laws found in X. Siemens et al. (2013) for the OS
signal-to-noise ratio (SNR); the relevant relations from that
work that we discuss here are that the SNR scales as TOA
uncertainty to the —1/v (—0.23 for v = 13/3) and scales
linearly with the number of pulsars. Note that these scalings
are valid in the intermediate-signal regime defined by X. Sie-
mens et al. (2013), which is the regime in which our analysis
was performed. The similarities between our results and those
of X. Siemens et al. (2013) are because the two detection
methods are based on using the cross correlations only of
pulsar pairs. The anisotropy regression coefficients have a
covariance matrix (RTC~'R)~!. If we assume, for simplicity, a

diagonal covariance matrix C of the cross correlations with
equal uncertainty for every cross correlation, the anisotropy
regression coefficients have uncertainties directly proportional
to the uncertainties of the cross correlations. This is the reason
our result for the TOA uncertainty scaling is similar to the
result from X. Siemens et al. (2013). However, the scaling we
find is even weaker because our signal and null hypotheses are
an anisotropic and isotropic GWB, respectively, whereas the
signal and null hypotheses of the OS SNR are an isotropic
GWB and noise, respectively. This is important because an
isotropic GWB induces additional variance in the cross
correlations, and so our covariance matrix includes contribu-
tions from the GWB. This means part of the variance in the
cross correlations is unaffected by TOA uncertainty. In
addition, we used only the lowest 6 bins of GW frequency
for our scaling laws analyses, and the GWB is stronger at
lower frequencies, so this likely resulted in even weaker
scaling than if we had analyzed sensitivities at higher
frequencies. To quantify approximately the contribution of
pair covariance to the uncertainties in the anisotropic
regression coefficients, we note that we found a factor of ~2
difference in the sensitivity curves in Figure 1, so the GWB
contributes a significant fraction of the total uncertainty.

As mentioned in the previous paragraph, X. Siemens et al.
(2013) found linear scaling of the OS SNR with N, which is
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Figure 6. Sensitivity curves for simulated PTAs with realistic TOA uncertainty distributions and including pulsar pair covariance. The sky location was fixed to a
pixel of relatively low (high) sensitivity in the left (right) panel. The curves represent the median sensitivity across datasets, and the error bars represent 1 standard

deviation.

in good agreement with our results in both bases. This strong
dependence of sensitivity on the number of pulsars is again
due to the use of pulsar pair cross correlations for the
frequentist anisotropy method employed here. P. F. Depta
et al. (2025) and V. Domcke et al. (2025) found anisotropy
sensitivity to scale as \/m , in agreement with the isotropic
GWRB sensitivity scaling found by S. Babak et al. (2024), but
this is because all of those works considered a different
detection method which includes the auto-correlations. See
Y. Ali-Haimoud et al. (2020) for additional discussion on
anisotropy methods based on auto-correlations. N. Pol et al.
(2022) used a similar cross-correlation-based method to our
method in this work, although they studied the scaling of
various SNRs and did not include pair covariance. They found
linear scaling of total SNR (the maximum likelihood ratio
between an anisotropic GWB and noise) and isotropic SNR
(isotropic GWB to noise) with N, which agrees with our
result and that of X. Siemens et al. (2013). This is expected
since these works all use cross correlations only. N. Pol et al.
(2022) did not find significant scaling of anisotropic SNR with
Npsr, but this is because they injected an isotropic GWB, so, as
they mentioned, the anisotropic SNR was not expected to
scale.

We found that the sensitivity of a PTA to anisotropy
generally decreases with decreasing angular scale. This is
because there is a lower effective number of pulsars included
in smaller angular scales. The dependence on angular scale is
shallower at low values of ¢ and more extreme at high values
of . This is consistent with the results shown in Figure 3 and is
likely due to the finite number and anisotropic distribution of
pulsars in the array, which cause the angular number density of
the pulsar distribution relative to the spherical harmonic beams
to change with ¢. If a PTA had a uniform distribution of many
pulsars, the effective number of pulsars included in the
characteristic area of a given spherical harmonic would scale
the same as the area so that the density remains constant,
giving linear scaling overall between area and effective
number of pulsars. Since the angular scale of the spherical
harmonic goes as £~ ', the area goes as £~ 2, so linear scaling
with area is equivalent to quadratic scaling with A and
inverse quadratic scaling with ¢. The right panel of Figure 4
would then have markers all consistent with (AQ)?. However,

as can be seen in that figure, there is also a dependence of the
scaling on the values of m under consideration, and this
dependence is because m sets the orientation of the spherical
harmonic on the sphere. m = 0 corresponds to the poles of the
sphere, but there are few pulsars in the NANOGrav array at
extreme decl. So, the scaling is shallower when m is set to 0
compared to other values of m, and this effect can also be seen
in Figure 2, where areas of low pulsar density typically have
shallower scaling than areas of high pulsar density.

Our results for N, and angular scale show the need for
increasing the number of pulsars in PTA observing campaigns
as well as increasing the sky coverage of PTAs for the largest
improvements in sensitivity to anisotropy. Our results also
show that combining PTA datasets through the International
Pulsar Timing Array (IPTA; G. Hobbs et al. 2010) can greatly
improve sensitivity to anisotropy, as different PTAs have
different sky coverage, so combining the datasets increases sky
coverage besides increasing the number of pulsars. For
example, doubling the number of pulsars through an IPTA
combination would give roughly double sensitivity to aniso-
tropy based on our scaling relation of sensitivity and number
of pulsars. A future study of interest, given the stronger
dependence of the sensitivity on number of pulsars than on
noise, would be to quantify the gain in sensitivity PTAs could
achieve by observing more pulsars but which have stronger
noise levels.

For the other scaling law parameter we studied, GW
frequency, we found that the diagonal elements of the Fisher
matrix decrease with increasing GW frequency, although 4, is
also frequency dependent. The total dependence of PTA
sensitivity to anisotropy on GW frequency can be seen in
Figure 1, and the frequency dependence is consistent with that
of the sensitivity to an isotropic GWB using the methods of
J. S. Hazboun et al. (2019) despite the difference in
methodology: J. S. Hazboun et al. (2019) use pulsar auto-
correlations rather than the cross correlations that our work is
based on. Our results also show that the net frequency
dependence is approximately uniform across the sky, as can be
seen from the panels of Figure 1.

From our sensitivity forecast analysis in Section 3.3, we
found that increasing only the observing time span of a PTA
from 16 to 30 yr has little effect on average on the sensitivity
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Figure 7. Analytical recoveries of simulated injected GWB power distribu-
tions. Top: the injected GWB power distributions with an isotropic GWB in
the left column and an anisotropic GWB in the right column. Middle: the
recovered sky maps with the multi-resolution pixel basis. Bottom. Uncertain-
ties in the recoveries, estimated as the square root of the diagonal elements of
the inverse Fisher matrix. The uncertainties are the same between the left and
right columns of the figure because the Fisher matrix is independent of the
injected GWB since we neglected pair covariance in these multi-resolution
simulations. The large difference in uncertainties between pixels of different
areas is because we are solving the maximum likelihood problem for power
density P. If we instead solve for a relative amplitude PAS2, the uncertainties
would be approximately uniform.

to anisotropy but with a large spread across realizations, sky
location, and GW frequency. The dependence on sky location
is physically only a dependence on pulsar density. The more
sensitive sky location used in Figure 5 (with a higher pulsar
density) had, when using the mean across datasets of medians
across noise draws, only a ~20% growth in sensitivity at the
lowest frequency bin by 30 yr, whereas the less sensitive sky
location experienced a ~50% growth for the same frequency
bin by 30 yr. To explain this, we first note that, as well as
having lower pulsar density, the sky location with less
sensitivity also had pulsars with shorter baselines nearby:
only three pulsars had baselines beyond the second frequency
bin (<4 nHz) in that region of the sky in the 16 yr time slice
but ~10 pulsars by the 30 yr time slice. In contrast, the sky
location with higher sensitivity had ~20 pulsars nearby with
baselines beyond 4 nHz in the 16 yr time slice and grew by
5-10 pulsars by the 30 yr time slice. Therefore, the higher
growth in sensitivity in the less sensitive sky location
compared to the more sensitive sky location is likely due to
a larger relative increase in the “effective” number of pulsars
which have an observing baseline long enough to contribute to
the lowest frequencies.

Similar to the above argument but irrespective of sky
location, we find that the sensitivity at the lower GW
frequencies generally shows greater improvement than at
higher frequencies, and the lowest frequency in particular
shows the greatest improvement. Across the whole PTA sky,
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the number of pulsars with a baseline beyond the second
frequency bin is only 34 for the 16 yr time slice but all 67
pulsars by the 30 yr time slice, so this is likely introducing
some of the scaling with Ny, into our results for Tp,, scaling.

Our results in Figures 5 and 6 show that increasing Tpan
without improving other parameters of a PTA has a much
smaller effect on the sensitivity of the PTA to anisotropy than
the effect of increasing N (Section 3.2) and the density of the
pulsar distribution across the sky. Indeed, from Figure 6 it can
be seen that a PTA with 16 yr of observation is up to twice as
sensitive to anisotropy in sky locations with high pulsar
density than a PTA with 30 yr of observation is to anisotropy
in sky locations with low pulsar density. This suggests a large
gain in sensitivity to anisotropy that PTAs can achieve with
greater pulsar density.

As a final note on our sensitivity forecasts, the increases in
sensitivity reported here are conservative as we maintained the
number and sky coverage of pulsars, the number of telescopes,
and the TOA uncertainties that were present in the NANOGrav
15 yr dataset.

5. A New Multi-resolution Pixel Basis

Motivated by the strong dependence of PTA sensitivity on
sky location (as shown in Figure 1), we introduce a multi-
resolution pixel basis. We use the multi-resolution HEALP1ix
functionality (L. P. Singer & L. R. Price 2016; 1. Martinez-C-
astellanos et al. 2022) in the software package mhealpy
(I. Martinez-Castellanos et al. 2024) and adapt it to PTA
anisotropy methods. In brief, the multi-resolution HEALPix
tessellation works by assigning a unique index to every
possible pixel. The index encodes the pixel’s location and
resolution. This is called the UNIQ scheme, and it works
similarly to the NESTED scheme, but the NESTED and RING
schemes encode the resolution using the total number of pixels
in the map. This is not possible with a multi-resolution
tessellation, so the UNIQ scheme removes that implicit
dependence on the number of pixels. Explicitly, the index of
a pixel in the UNIQ scheme is related to the index of the
equivalent pixel of a map of resolution N4, in the NESTED
scheme as iynig = INESTED + 4N§de. See P. Fernique et al.
(2014), M. Reinecke & E. Hivon (2015), and R. W. Youngren
& M. D. Petty (2017) for more details on multi-resolution
HEALPix tessellations.

PTA anisotropy searches with the multi-resolution pixel
basis work the same way as searches with the single-resolution
pixel basis except we use a general normalization (A /4)
rather than Np_i):. Using Np_b: assumes all pixels have the same
area, so that normalization is valid for the single-resolution
pixel basis but not for the multi-resolution pixel basis.
Explicitly, the response matrix is

AQ
47

and the form of the maximum likelihood estimator is
unchanged.

To verify the functionality of the new basis, we perform
injection-and-recovery simulations with isotropic and anisotro-
pic GWB injections using analytical recoveries. However, we
restrict the analyses to small numbers of pixels because we find
that, when the number of pixels is large, the Fisher matrix often
becomes nearly singular, so the analytical solution P = M~ 'X
becomes numerically unstable due to the need to invert the

Rl = =R, (16)
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Figure 8. Uncertainty maps for (left) a single-resolution N4, = 2 parameterization, (center) a multi-resolution parameterization, and (right) a single-resolution
Ngige = 1 parameterization. The three colorbars have the same limits for easier comparison.

Fisher matrix. This instability is mostly due to strong
covariances between pixels, but other effects contribute as well,
such as anisotropic pulsar distribution and covariant cross
correlations. For a simplistic simulation with 67 uniformly
distributed simulated pulsars, the Fisher matrix for the pixel
basis at Ngge = 8 has a condition number ()(10'%), but setting
the off-diagonal elements to zero (which defines the radiometer
pixel basis, the basis used in the previous sections of this work)
reduces the condition number to O(1). This suggests the
covariances between pixels cause most of the instability.
Additionally, since the cross correlations are not independent,
the number of pixels that can be constrained is less than a
simple counting argument limit like Npix S N.. We also find
that by using the NANOGrav distribution of pulsar locations,
the condition number increases from O(10'%) to O(10'®), which
indicates that sky coverage contributes significantly. Numerical
instabilities can be overcome using standard methods of dealing
with nearly singular matrices, e.g., singular value decomposition
regularization, using a forward-modeled approach to avoid the
ill-posed inverse problem, etc. However, we choose to simply
use a few pixels and sidestep the problem entirely, as our aim
here is only to demonstrate the new basis rather than actually
perform an anisotropy search.

To simulate cross correlations, we generate 75 pulsars
randomly distributed across the sky, and compute the cross
correlations induced by the injected GWB by multiplying the
simulated PTA response matrix with the injected power vector.
We use cross-correlation uncertainties of 0.1 for all pulsar pairs
(for reference, the HD curve has a maximum value of 0.5), and
we generate the recovered sky maps using the maximum
likelihood estimator P = M~ 'X. We perform tests with an
isotropic injection and an anisotropic injection. The isotropic
GWB was simulated to have power P, = 1 V k, where k
represents the pixel index, while the anisotropic GWB was
generated by starting with an isotropic GWB, doubling the
power in two pixels, adding a random number between O and
0.1 to each pixel, and normalizing the result. We show the
injections, recoveries, and uncertainties in Figure 7. The
difference between injection and recovery is O(10~'4), much
smaller than the O(1) GWB, indicating successful recoveries.

In Figure 8, we show a sensitivity map in this basis compared
to sensitivity maps produced in the single-resolution pixel basis.
These sensitivity maps were produced using one of the simulated
datasets from the scaling law analysis. The N4, = 2 map in the
left panel has higher uncertainties but better resolution, while the
Nsige = 1 map in the right panel has lower uncertainties but also
lower resolution. The multi-resolution basis allows us to fuse the
two resolutions and corresponding uncertainties to balance the
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uncertainties across the sky. Using this new basis, we can
effectively trade localization for uncertainty and vice versa in
each region of the sky independently of other regions of the sky.
This allows us to take advantage of the anisotropic distribution of
pulsars in PTAs to achieve better resolution. This also highlights
the importance of increasing the number of pulsars in PTAs
irrespective of sky coverage, as we can increase the resolution
wherever the new pulsars are added. Note, however, only the
uncertainties on power density are affected by using the multi-
resolution basis. As mentioned in the caption of Figure 7, the
uncertainties on pixel amplitudes cannot be tuned in the
same way.

Although we have introduced and verified the multi-
resolution basis in this section and produced sensitivity maps,
this basis still needs more development before it is complete.
In particular, the statistic used to produce a multi-resolution
mesh for a given dataset needs to be explored, and the basis
needs to be tested with more realistic simulations starting from
the TOA level rather than from the pulsar pair cross
correlations as was done in this work. This basis was
motivated by the anisotropic sensitivity of PTAs and allows
for the exchange of localization for uncertainty (and
vice versa) in each location of the sky, so a natural statistic
used to set resolutions is the sensitivity of the PTA as we
demonstrated in Figure 8; in future work, however, we plan to
use reversible jump Markov Chain Monte Carlo (RIMCMC;
P. J. Green 1995) methods to select a preferred mesh for a
given PTA dataset. The Fisher matrix used in this work only
accounts for noise and geometry (through C and R,
respectively), so more data-driven methods like RIMCMC
would be desirable to include contributions from the likelihood
as well. A question to explore afterward is whether the multi-
resolution basis can mitigate bias from angular scales of the
GWB smaller than the cutoff resolution used for the
reconstruction. F. Semenzato et al. (2025) argued that,
independent of basis, anisotropies at angular scales beyond
the reconstruction’s cutoff resolution bias the reconstruction.
D. Agarwal et al. (2026) showed that, in the spherical
harmonic basis, making /., sufficiently large avoids this
bias, and they use a method similar to the local resolution
spherical harmonic method of K. Grunthal et al. (2026). The
multi-resolution pixel basis can be used to achieve an
analogous local resolution method to K. Grunthal et al.
(2026) but in the pixel basis, so it may likewise have the
additional advantage of mitigating bias from small angular
scales. This is beyond the scope of this work, however, and
further research would be required to make a definitive
statement.
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Appendix
Injected Noise Parameters

The simulations analyzed in this work contain injected
intrinsic pulsar red noise with a power-law spectral form. The
spectral parameters used for each pulsar are listed in Table Al.
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Table Al
The Spectral Parameters of the Injected Power-law Red Noise in the Simulated Datasets
Pulsar Amplitude Spectral Index Pulsar Amplitude Spectral Index
B1855+09 —13.900 3.613 J1730-2304 —12.974 5x 107"
B1937+21 —13.530 3.853 J17384-0333 —14.860 5.524
B1953+429 —12.740 1.632 J1741+1351 —13.637 1.414
J00234-0923 —13.320 0.091 J1744-1134 —13.612 0.469
J0030+-0451 —17.740 0.918 J17454+1017 —11.865 2.321
J0340+4130 —15.875 6.994 J1747-4036 —12.565 2.483
J0406+3039 —14.573 6.915 J1751-2857 —18.778 4.342
J0437-4715 —13.974 0.465 J1802-2124 —12.209 0.921
J0509+0856 —12.117 1 x10™* J1811-2405 —19.184 4.743
JO557+1551 —14.768 6.977 J1832-0836 —13.765 2.019
J0605+3757 —15.810 4.304 J1843-1113 —13.325 0.011
J0610-2100 —12.708 2.907 J1853+4-1303 —13.320 0.881
J0613-0200 —13.455 1.742 J1903+-0327 —12.201 1.585
J0636+5128 —13.357 0.025 J1909-3744 —14.029 0.003
J0645+5158 —13.248 0.502 J1910+1256 —13.547 2.266
J0709+4-0458 —14.162 6.993 J1911+4-1347 —17.523 1.227
J0740+6620 —13.589 0.010 J1918-0642 —13.534 2.050
J0931-1902 —16.794 2.424 J19234-2515 —16.066 6.996
J1012+4-5307 —12.629 0.555 J19444-0907 —13.245 1.971
J1012-4235 —12.445 2.812 J19464-3417 —12.475 0.852
J1022+4-1001 —12.107 0.001 J2010-1323 —16.297 6.993
J1024-0719 —13.226 0.188 J20174-0603 —19.939 0.550
J1125+7819 —12.843 0.008 J2033+1734 —15.626 6.998
J13124-0051 —18.462 4.150 J20434-1711 —13.972 0.700
J1453+4-1902 —18.426 4.801 J2124-3358 —15.093 6.984
J1455-3330 —13.261 1.789 J2145-0750 —12.884 0.404
J1600-3053 —13.496 1.378 1221443000 —12.924 0.008
J1614-2230 —16.108 6.994 J22294-2643 —15.841 6.996
J1630+3734 —14.238 6.982 1223440611 —13.538 0.019
J1640+4-2224 —16.642 6.983 J22344-0944 —15.954 6.997
J1643-1224 —12.267 0.489 1230244442 —15.730 6.990
J1705-1903 —12.111 0.002 J231741439 —13.532 0.246
J17134-0747 —14.085 2.515 1232242057 —19.890 3.228
J1719-1438 —18.869 3.209 All (GWB) —14.620 4.333
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