
Pulsar Timing Array Sensitivity to Anisotropy: Empirical Sensitivity Curves, Scaling
Relations, and the Multi-resolution Pixel Basis

Taha T. Moursy1aa, Nihan S. Pol1aa, Gabriella Agazie2aa, Nikita Agarwal3,4aa, Akash Anumarlapudi5aa, Anne M. Archibald6aa,
Zaven Arzoumanian7aa, Anjana Ashok8aa, Jeremy G. Baier8aa, Paul T. Baker9aa, Bence Bécsy10aa, Laura Blecha11aa,

Adam Brazier12,13aa, Paul R. Brook10aa, Sarah Burke-Spolaor3,4,70aa, Rand Burnette8aa, Robin Case8aa,
J. Andrew Casey-Clyde14aa, Maria Charisi15,16aa, Shami Chatterjee12aa, Tyler Cohen17aa, James M. Cordes12aa,

Neil J. Cornish18aa, Fronefield Crawford19aa, H. Thankful Cromartie20aa, Kathryn Crowter21aa, Megan E. DeCesar22,71aa,
Paul B. Demorest23aa, Heling Deng24aa, Lankeswar Dey16aa, Timothy Dolch25,26,27,28aa, Graham M. Doskoch3,4aa,

Elizabeth C. Ferrara29,30,31aa, William Fiore21aa, Emmanuel Fonseca3,4aa, Gabriel E. Freedman31aa, Emiko C. Gardiner32aa,
Nate Garver-Daniels3,4aa, Peter A. Gentile3,4aa, Kyle A. Gersbach20aa, Joseph Glaser3,4aa, Deborah C. Good33aa,
Kayhan Gültekin34aa, Aiden Gundersen18aa, C. J. Harris34aa, Jeffrey S. Hazboun8aa, Ross J. Jennings3,4,72aa,

Aaron D. Johnson2,35aa, Megan L. Jones2aa, David L. Kaplan2aa, Anala K. Sreekumar3,4aa, Luke Zoltan Kelley32aa,
Matthew Kerr36aa, Joey S. Key37aa, Nima Laal20aa, Michael T. Lam28aa, William G. Lamb20aa, Bjorn Larsen38aa,
T. Joseph W. Lazio39aa, Natalia Lewandowska40aa, Tingting Liu41aa, Duncan R. Lorimer3,4aa, Jing Luo42,73aa,
Ryan S. Lynch43aa, Chung-Pei Ma32,44aa, Dustin R. Madison45aa, Ashley Martsen3,4aa, Cayenne Matt34aa,

Alexander McEwen2aa, James W. McKee46aa, Maura A. McLaughlin3,4aa, Natasha McMann20aa, Bradley W. Meyers47,48aa,
Patrick M. Meyers49aa, Matthew T. Miles20aa, Chiara M. F. Mingarelli38,50aa, Andrea Mitridate51aa, Cherry Ng52aa,
David J. Nice53aa, Shania A. Nichols28,72aa, Stella Koch Ocker35,54aa, Daniel J. Oliver8,72aa, Ken D. Olum55aa,

Timothy T. Pennucci56aa, Benetge B. P. Perera57aa, Polina Petrov20aa, Henri A. Radovan58aa, Scott M. Ransom59aa,
Paul S. Ray36aa, Joseph D. Romano1aa, Jessie C. Runnoe20aa, Alexander Saffer59,72aa, Shashwat C. Sardesai2aa,

Ann Schmiedekamp60aa, Carl Schmiedekamp60aa, Kai Schmitz61aa, Levi Schult20aa, Brent J. Shapiro-Albert3,4,62aa,
Xavier Siemens2,8aa, Joseph Simon63,74aa, Sophia V. Sosa Fiscella64aa, Ingrid H. Stairs21aa, Daniel R. Stinebring65aa,
Kevin Stovall23aa, Abhimanyu Susobhanan66aa, Joseph K. Swiggum53,72aa, Jacob Taylor8aa, Stephen R. Taylor20aa,

Mercedes S. Thompson21aa, Jacob E. Turner43aa, Michele Vallisneri49aa, Rutger van Haasteren66aa, Sarah J. Vigeland2aa,
Haley M. Wahl3,4aa, Kevin P. Wilson3,4aa, Caitlin A. Witt67aa, David Wright8aa, and Olivia Young68,69aa,

The NANOGrav Collaboration
1 Department of Physics, Texas Tech University, Box 41051, Lubbock, TX 79409, USA

2 Center for Gravitation, Cosmology and Astrophysics, Department of Physics and Astronomy, University of Wisconsin-Milwaukee, P.O. Box 413, Milwaukee, WI
53201, USA

3 Department of Physics and Astronomy, West Virginia University, P.O. Box 6315, Morgantown, WV 26506, USA
4 Center for Gravitational Waves and Cosmology, West Virginia University, Chestnut Ridge Research Building, Morgantown, WV 26505, USA

5 Department of Physics and Astronomy, University of North Carolina, Chapel Hill, NC 27599, USA
6 Newcastle University, Newcastle upon Tyne, NE1 7RU, UK

7 X-Ray Astrophysics Laboratory, NASA Goddard Space Flight Center, Code 662, Greenbelt, MD 20771, USA
8 Department of Physics, Oregon State University, Corvallis, OR 97331, USA

9 Department of Physics and Astronomy, Widener University, One University Place, Chester, PA 19013, USA
10 Institute for Gravitational Wave Astronomy and School of Physics and Astronomy, University of Birmingham, Edgbaston, Birmingham B15 2TT, UK

11 Physics Department, University of Florida, Gainesville, FL 32611, USA
12 Cornell Center for Astrophysics and Planetary Science and Department of Astronomy, Cornell University, Ithaca, NY 14853, USA

13 Cornell Center for Advanced Computing, Cornell University, Ithaca, NY 14853, USA
14 Department of Physics, University of Connecticut, 196 Auditorium Road, U-3046, Storrs, CT 06269-3046, USA

15 Department of Physics and Astronomy, Washington State University, Pullman, WA 99163, USA
16 Institute of Astrophysics, FORTH, GR-71110, Heraklion, Greece

17 Department of Physics, New Mexico Institute of Mining and Technology, 801 Leroy Place, Socorro, NM 87801, USA
18 Department of Physics, Montana State University, Bozeman, MT 59717, USA

19 Department of Physics and Astronomy, Franklin & Marshall College, P.O. Box 3003, Lancaster, PA 17604, USA
20 Department of Physics and Astronomy, Vanderbilt University, 2301 Vanderbilt Place, Nashville, TN 37235, USA

21 Department of Physics and Astronomy, University of British Columbia, 6224 Agricultural Road, Vancouver, BC V6T 1Z1, Canada
22 Department of Physics and Astronomy, George Mason University, Fairfax, VA 22030, USA
23 National Radio Astronomy Observatory, 1003 Lopezville Road, Socorro, NM 87801, USA

24 Columbia Astrophysics Laboratory, Columbia University, 538 West 120th Street, New York, NY 10027, USA
25 Department of Physics and Astronomy, University of New Mexico, Albuquerque, NM 87131, USA

26 Department of Physics, Hillsdale College, 33 E. College Street, Hillsdale, MI 49242, USA
27 Eureka Scientific, 2452 Delmer Street, Suite 100, Oakland, CA 94602-3017, USA

28 SETI Institute, 339 N Bernardo Avenue, Suite 200, Mountain View, CA 94043, USA
29 Department of Astronomy, University of Maryland, College Park, MD 20742, USA

30 Center for Research and Exploration in Space Science and Technology, NASA/GSFC, Greenbelt, MD 20771, USA
31 NASA Goddard Space Flight Center, Greenbelt, MD 20771, USA

32 Department of Astronomy, University of California, Berkeley, 501 Campbell Hall #3411, Berkeley, CA 94720, USA
33 Department of Physics and Astronomy, University of Montana, 32 Campus Drive, Missoula, MT 59812, USA

34 Department of Astronomy and Astrophysics, University of Michigan, Ann Arbor, MI 48109, USA
35 Division of Physics, Mathematics, and Astronomy, California Institute of Technology, Pasadena, CA 91125, USA

36 Space Science Division, Naval Research Laboratory, WA, DC 20375-5352, USA
37 University of Washington Bothell, 18115 Campus Way NE, Bothell, WA 98011, USA

The Astrophysical Journal, 1008:205 (15pp), 2026 September 10 https://doi.org/10.3847/1538-4357/ae9759
© 2026. The Author(s). Published by the American Astronomical Society.

aaaaaaa

1

https://orcid.org/0009-0003-3700-446X
https://orcid.org/0000-0002-8826-1285
https://orcid.org/0000-0001-5134-3925
https://orcid.org/0000-0001-7544-7876
https://orcid.org/0000-0002-8935-9882
https://orcid.org/0000-0003-0638-3340
https://orcid.org/0009-0008-6187-8753
https://orcid.org/0000-0002-8395-957X
https://orcid.org/0000-0002-4972-1525
https://orcid.org/0000-0003-2745-753X
https://orcid.org/0000-0003-0909-5563
https://orcid.org/0000-0002-2183-1087
https://orcid.org/0000-0001-6341-7178
https://orcid.org/0000-0003-3053-6538
https://orcid.org/0000-0003-4052-7838
https://orcid.org/0009-0008-3649-0618
https://orcid.org/0009-0007-4346-8921
https://orcid.org/0000-0002-5557-4007
https://orcid.org/0000-0003-3579-2522
https://orcid.org/0000-0002-2878-1502
https://orcid.org/0000-0001-7587-5483
https://orcid.org/0000-0002-4049-1882
https://orcid.org/0000-0002-7435-0869
https://orcid.org/0000-0002-2578-0360
https://orcid.org/0000-0002-6039-692X
https://orcid.org/0000-0002-1529-5169
https://orcid.org/0000-0002-2185-1790
https://orcid.org/0000-0002-6664-965X
https://orcid.org/0000-0002-1918-5477
https://orcid.org/0000-0002-2554-0674
https://orcid.org/0000-0001-8885-6388
https://orcid.org/0000-0002-4219-6908
https://orcid.org/0000-0001-7828-7708
https://orcid.org/0000-0001-5645-5336
https://orcid.org/0000-0001-8384-5049
https://orcid.org/0000-0001-7624-4616
https://orcid.org/0000-0002-8857-613X
https://orcid.org/0000-0001-6166-9646
https://orcid.org/0000-0001-8158-683X
https://orcid.org/0009-0009-5393-0141
https://orcid.org/0000-0003-4090-9780
https://orcid.org/0000-0003-1884-348X
https://orcid.org/0000-0002-1146-0198
https://orcid.org/0009-0004-2085-6348
https://orcid.org/0000-0002-4231-7802
https://orcid.org/0000-0003-2742-3321
https://orcid.org/0000-0003-1082-2342
https://orcid.org/0000-0002-7445-8423
https://orcid.org/0000-0001-6607-3710
https://orcid.org/0000-0001-6295-2881
https://orcid.org/0009-0001-7906-8520
https://orcid.org/0000-0002-6625-6450
https://orcid.org/0000-0002-0893-4073
https://orcid.org/0000-0003-0123-7600
https://orcid.org/0000-0002-9197-7604
https://orcid.org/0000-0003-0721-651X
https://orcid.org/0000-0003-1096-4156
https://orcid.org/0000-0001-6436-8216
https://orcid.org/0009-0003-8984-388X
https://orcid.org/0000-0003-0771-6581
https://orcid.org/0000-0001-5766-4287
https://orcid.org/0000-0003-1301-966X
https://orcid.org/0000-0001-5373-5914
https://orcid.org/0000-0001-5229-7430
https://orcid.org/0000-0002-4430-102X
https://orcid.org/0000-0003-2285-0404
https://orcid.org/0000-0001-8313-0895
https://orcid.org/0000-0002-9710-6527
https://orcid.org/0000-0001-5481-7559
https://orcid.org/0000-0002-2885-8485
https://orcid.org/0000-0001-7697-7422
https://orcid.org/0000-0002-4642-1260
https://orcid.org/0000-0001-8845-1225
https://orcid.org/0000-0002-2689-0190
https://orcid.org/0000-0002-5455-3474
https://orcid.org/0000-0002-4307-1322
https://orcid.org/0000-0003-2898-5844
https://orcid.org/0000-0002-3616-5160
https://orcid.org/0000-0002-6709-2566
https://orcid.org/0009-0001-1750-3531
https://orcid.org/0000-0002-4941-5333
https://orcid.org/0000-0002-7374-6925
https://orcid.org/0000-0002-2027-3714
https://orcid.org/0000-0001-5465-2889
https://orcid.org/0000-0002-8509-5947
https://orcid.org/0000-0001-5681-4319
https://orcid.org/0000-0002-2074-4360
https://orcid.org/0000-0001-5799-9714
https://orcid.org/0000-0002-5297-5278
https://orcid.org/0000-0003-4915-3246
https://orcid.org/0000-0001-8557-2822
https://orcid.org/0000-0001-7832-9066
https://orcid.org/0009-0006-5476-3603
https://orcid.org/0000-0003-4391-936X
https://orcid.org/0000-0002-1283-2184
https://orcid.org/0000-0003-2807-6472
https://orcid.org/0000-0001-6425-7807
https://orcid.org/0000-0002-7283-1124
https://orcid.org/0000-0002-7778-2990
https://orcid.org/0000-0003-1407-6607
https://orcid.org/0000-0002-5176-2924
https://orcid.org/0000-0001-9784-8670
https://orcid.org/0000-0002-1797-3277
https://orcid.org/0000-0002-7261-594X
https://orcid.org/0000-0002-2820-0931
https://orcid.org/0000-0002-1075-3837
https://orcid.org/0000-0001-9118-5589
https://orcid.org/0000-0003-0264-1453
https://orcid.org/0009-0001-5938-5000
https://orcid.org/0000-0002-2451-7288
https://orcid.org/0000-0002-4162-0033
https://orcid.org/0000-0002-6428-2620
https://orcid.org/0000-0003-4700-9072
https://orcid.org/0000-0001-9678-0299
https://orcid.org/0000-0003-4231-2822
https://orcid.org/0000-0002-6020-9274
https://orcid.org/0000-0003-1562-4679
https://orcid.org/0000-0002-0883-0688
https://doi.org/10.3847/1538-4357/ae9759
https://crossmark.crossref.org/dialog/?doi=10.3847/1538-4357/ae9759&domain=pdf&date_stamp=2026-09-04


38 Department of Physics, Yale University, New Haven, CT 06511, USA
39 Jet Propulsion Laboratory, California Institute of Technology, 4800 Oak Grove Drive, Pasadena, CA 91109, USA

40 Department of Physics and Astronomy, State University of New York at Oswego, Oswego, NY 13126, USA
41 Department of Physics and Astronomy, Georgia State University, 25 Park Place, Suite 605, Atlanta, GA 30303, USA

42 Department of Astronomy & Astrophysics, University of Toronto, 50 St. George Street, Toronto, ON M5S 3H4, Canada
43 Green Bank Observatory, P.O. Box 2, Green Bank, WV 24944, USA

44 Department of Physics, University of California, Berkeley, CA 94720, USA
45 Department of Physics, Occidental College, 1600 Campus Road, Los Angeles, CA 90041, USA

46 Department of Physics and Astronomy, Union College, Schenectady, NY 12308, USA
47 Australian SKA Regional Centre (AusSRC), Curtin University, Bentley, WA 6102, Australia

48 International Centre for Radio Astronomy Research (ICRAR), Curtin University, Bentley, WA 6102, Australia
49 ETH Zurich, Institute for Particle Physics and Astrophysics, Wolfgang-Pauli-Strasse 27, 8093 Zurich, Switzerland

50 Center for Computational Astrophysics, Flatiron Institute, 162 5th Avenue, New York, NY 10010, USA
51 Abdus Salam Centre for Theoretical Physics, Imperial College London, London SW7 2AZ, UK

52 Dunlap Institute for Astronomy and Astrophysics, University of Toronto, 50 St. George St., Toronto, ON M5S 3H4, Canada
53 Department of Physics, Lafayette College, Easton, PA 18042, USA

54 The Observatories of the Carnegie Institution for Science, Pasadena, CA 91101, USA
55 Institute of Cosmology, Department of Physics and Astronomy, Tufts University, Medford, MA 02155, USA
56 Institute of Physics and Astronomy, Eötvös Loránd University, Pázmány P. s. 1/A, 1117 Budapest, Hungary

57 Arecibo Observatory, HC3 Box 53995, Arecibo, PR 00612, USA
58 Department of Physics, University of Puerto Rico, Mayagüez, PR 00681, USA

59 National Radio Astronomy Observatory, 520 Edgemont Road, Charlottesville, VA 22903, USA
60 Department of Physics, Penn State Abington, Abington, PA 19001, USA

61 Institute for Theoretical Physics, University of Münster, 48149, Münster, Germany
62 Giant Army, 915A 17th Avenue, Seattle, WA 98122, USA

63 Department of Astrophysical and Planetary Sciences, University of Colorado, Boulder, CO 80309, USA
64 ASTRON, Netherlands Institute for Radio Astronomy, Oude Hoogeveensedijk 4, 7991 PD Dwingeloo, The Netherlands

65 Department of Physics and Astronomy, Oberlin College, Oberlin, OH 44074, USA
66 Max-Planck-Institut für Gravitationsphysik (Albert-Einstein-Institut), Callinstraße 38, D-30167 Hannover, Germany Leibniz Universität Hannover, D-30167

Hannover, Germany
67 Department of Physics, Wake Forest University, 1834 Wake Forest Road, Winston-Salem, NC 27109, USA

68 School of Physics and Astronomy, Rochester Institute of Technology, Rochester, NY 14623, USA
69 Laboratory for Multiwavelength Astrophysics, Rochester Institute of Technology, Rochester, NY 14623, USA

Received 2026 April 23; revised 2026 July 24; accepted 2026 August 6; published 2026 September 4

Abstract

We quantify pulsar timing array (PTA) sensitivity to anisotropy in the gravitational-wave (GW) background using
the cross-correlation-based Fisher information matrix in the pixel and spherical harmonic bases. We use a set of
simulations to empirically determine scaling relations of a PTA’s sensitivity to anisotropy with the number of
pulsars Npsr in the array, the error δt on the times of arrival, the frequency fGW of the GWs, and the angular scale
ΔΩ of the anisotropy. The sensitivity scales approximately as Npsr

0.8, δt−0.08, and ΔΩ1.6 − ΔΩ2.1 (depending on the
ranges of ℓ and m under consideration). In addition, we use realistic simulations to project the NANOGrav PTA
sensitivity to a 30 yr baseline and quantify the growth in sensitivity at several time slices. Except at the lowest
frequencies, we find negligible effect on sensitivity through increasing the observation duration only. Finally, we
introduce a multi-resolution pixel basis motivated by the large dependence of the sensitivity on sky location, and
demonstrate the operation of the basis through a set of injections and recoveries.

Unified Astronomy Thesaurus concepts: Gravitational waves (678); Pulsars (1306)

1. Introduction

Supermassive black holes are thought to reside at the center
of many massive galaxies (D. Richstone et al. 1998). When
these galaxies merge, the black holes are brought closer and
may become gravitationally bound as a supermassive black
hole binary (SMBHB). These systems harden due to interac-
tions with nearby stars and other matter (M. C. Begelman
et al. 1980), and as the separation of these systems reaches

approximately milliparsec scales, they are visible via nano-
hertz-frequency gravitational waves (GWs). These low-
frequency GWs are outside the band of ground-based GW
detectors like the LIGO-Virgo-KAGRA (F. Acernese et al.
2014; T. L. S. Collaboration et al. 2015; T. Akutsu et al. 2021)
network but are detectable by pulsar timing array (PTA)
experiments.
PTAs are arrays of highly stable millisecond pulsars

(D. C. Backer et al. 1982), which emit beams of radio
emission that can be observed using radio telescopes as the
beams sweep across Earth with every rotation of the pulsar.
Through precision timing of pulsar emission, a set of times of
arrival (TOAs) can be generated for each pulsar
(M. V. Sazhin 1978; S. Detweiler 1979). PTA collaborations
compare these TOAs with predicted TOAs from a timing
model which accounts for various deterministic and stochastic
physical effects. For example, timing models include the
pulsar’s position and spin dynamics and the effects of the

70 Sloan Fellow.
71 Resident at the Naval Research Laboratory.
72 NANOGrav Physics Frontiers Center Postdoctoral Fellow.
73 Deceased.
74 NSF Astronomy and Astrophysics Postdoctoral Fellow.

Original content from this work may be used under the terms
of the Creative Commons Attribution 4.0 licence. Any further

distribution of this work must maintain attribution to the author(s) and the title
of the work, journal citation and DOI.

2

The Astrophysical Journal, 1008:205 (15pp), 2026 September 10 Moursy et al.

http://astrothesaurus.org/uat/678
http://astrothesaurus.org/uat/1306
https://creativecommons.org/licenses/by/4.0/


interstellar medium. The differences between the timing model
and the observed TOAs are the timing residuals for a pulsar.

There can be several sources of nonzero residuals, such as
random telescope noise, clock calibration errors, poorly
modeled solar wind, intrinsic pulsar noise, and, importantly,
GWs. To distinguish a gravitational-wave background
(GWB) from other sources, PTA collaborations cross-
correlate the residuals of the pulsars in the PTA and fit the
correlations with the Hellings–Downs (HD; R. W. Hellings
& G. S. Downs 1983) correlations model, which is the
signature, ensemble-averaged set of correlations induced by
an isotropic, stochastic GWB. The HD correlations, ab

HD ,
depend only on the angular separation ξab between pulsars a
and b,

( )

=

+ +

3

2

1 cos

2
ln

1 cos

2
1 cos

8

1

2 2
, 1

ab
ab ab

ab ab

HD

where δab is the Kronecker delta. These correlations
distinguish the GWB from other sources which are either
uncorrelated between pulsars, like pulse phase jitter, or have
non-HD spatial correlations, like clock errors, which produce
monopolar correlations in the residuals (G. Hobbs et al.
2012, 2019).

In recent years, PTA collaborations have reported, with
various levels of statistical significance, evidence for an HD-
correlated GWB (G. Agazie et al. 2023a; EPTA Collaboration
et al. 2023; D. J. Reardon et al. 2023; H. Xu et al. 2023;
M. T. Miles et al. 2024). The signal was consistent with being
produced by a population of merging SMBHB systems
(G. Agazie et al. 2023b) in the local Universe, though more
exotic, cosmological sources fit the data comparably well
(A. Afzal et al. 2023). These interpretations are not mutually
exclusive, and the GWB could be the sum of an astrophysical
GWB and a cosmological GWB. Nevertheless, there is interest
in validating one or both interpretations of the GWB and
placing constraints on the relevant astrophysical and cosmo-
logical models.

The two interpretations generally predict different power
spectral densities (PSDs), so one method of distinguishing the
origin is by making highly constraining measurements and
characterization of the GWB’s PSD (A. R. Kaiser et al. 2022).
Another method is to use the spatial variation in the GWB.
Cosmological GWBs may have some level of anisotropy due
to, e.g., interference of GWs, but are generally statistically
isotropic (C. Caprini & D. G. Figueroa 2018). On the other
hand, astrophysical GWBs may have significant anisotropy
due to loud, nearby SMBHBs which stand out against the
background (C. M. F. Mingarelli et al. 2017). Astrophysical
GWBs may also have anisotropy which is correlated with the
distribution of galaxies in the Universe (C. M. F. Mingarelli
et al. 2017). Detecting anisotropy consistent with the SMBHB
interpretation would be strong evidence in favor of that
interpretation. A nondetection of anisotropy with PTAs would
be in tension with the astrophysical interpretation and would
favor the cosmological interpretation. Therefore, constraining
anisotropy in the GWB is highly relevant for determining the
GWB’s origin.

The rest of this paper is organized as follows. In Section 2,
we describe how to construct anisotropy sensitivity curves and

how the simulations for this work were produced. In Section 3,
we present sensitivity curves made with simulated data as well
as scaling relations of PTA sensitivity to anisotropy and
realistic projections of the NANOGrav PTA sensitivity into the
future. We discuss our results in Section 4 and end in Section 5
by introducing the new, multi-resolution pixel basis and
presenting the results of injection-and-recovery simulations to
validate the basis.

2. Methods

2.1. Anisotropy Methods and Sensitivity

Anisotropy can be searched for in PTA data using cross
correlations to model the angular power distribution of the
GWB (e.g., C. M. F. Mingarelli et al. 2013; S. R. Taylor &
J. R. Gair 2013; N. J. Cornish & R. van Haasteren 2014;
S. R. Taylor et al. 2020).
The overlap reduction function (ORF) Γab given a GWB

angular power density ( ˆ )P is (E. E. Flanagan 1993),

( ˆ ) ( ˆ ) ( )= R P d , 2ab
S

ab2

where ( ˆ )Rab is the antenna response of pulsar pair ab given
by

[ ] ( )= ++ + × ×R F F F F
3

2
, 3ab a b a b

where Fa
A is the response of pulsar a to A-polarized GWs,

ˆ ˆ
ˆ · ˆ

( )=
+

F
p p

p
e

1
, 4a

A a
i

a
j

a
ij
A

where p̂a is the position unit vector of pulsar a, ˆ is the GW
propagation direction, and eA is the polarization basis tensor.
For an isotropic GWB, the power density ( ˆ )P is the same

across the sky, (4π sr)−1, and the cross correlation for pulsar
pair ab is the sky average of ( ˆ )Rab , resulting in the HD
correlations ab

HD in Equation (1). An anisotropic GWB, on the
other hand, has different power in different directions on the
sky, and is thus represented by a more general distribution of
the GWB power on the sky, ( ˆ )P .
Many bases exist to decompose the power, and in this work,

we consider the radiometer pixel basis (S. W. Ballmer 2006;
S. Mitra et al. 2008; M. Anholm et al. 2009) and the spherical
harmonic basis (C. M. F. Mingarelli et al. 2013; S. R. Taylor &
J. R. Gair 2013). The radiometer pixel basis uses delta function
basis functions and a HEALPix75 (K. M. Gorski et al. 2005)
tessellation of the sky to model the power. This basis assumes
the power in each pixel is uncorrelated with the power in other
pixels. The spherical harmonic basis expands the power P in
real spherical harmonics up to some cutoff multipole. The
estimator is then the spherical harmonic coefficients clm in the
expansion,

( )=
= =

P c Y . 5
l

l

m l

l

lm lm
0

max

The real spherical harmonics Ylm are linear combinations of the
spherical harmonics such that their imaginary components
cancel.

75 http://healpix.sf.net
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Note that PTA anisotropy searches often use a power vector
P with elements that are relative power densities in each pixel
( ( ˆ )= PP 4k k ), or clm coefficients in the spherical
harmonics basis, and define a response matrix R in such a
way that the ORF is Γ = RP.

We use the per-frequency optimal statistic (PFOS;
K. A. Gersbach et al. 2025) to compute pulsar pair cross
correlations ρab( fk), their uncertainties σab( fk), and the
covariance matrix C( fk) of the correlations, where a and b
represent pulsars, and fk is a frequency in the Fourier basis
used to model the GWB, k/Tspan (L. Lentati et al. 2013).

The cross correlations are given by (K. A. Gersbach et al.
2025)

( )
˜ ( )

[ ˜ ( ) ( )]
( )=

X X

Z Z
f

f

f ftr
, 6ab k

a
T

k b

a k b k

where Xa and Za are matrices which are constructed from the
noise properties and models of pulsar a (N. Pol et al. 2022;
K. A. Gersbach et al. 2025).

The cross-correlation uncertainties are given by

( )
˜ ( ) ˜ ( )

[ ˜ ( ) ( )]
( )=

Z Z

Z Z
f

f f

f ftr
. 7ab k

a k b k

a k b k

2
2

The pulsar pair covariance matrix,

( ) ( ) ( ) ( ) ( ) ( )C f f f f f , 8k ab k cd k ab k cd k

has elements derived and given in K. A. Gersbach et al.
(2025). See K. A. Gersbach et al. (2025) for more details on
the PFOS framework and the above quantities, including
explicit expressions for C( fk).

Given a cross-correlation vector ρ of length Ncc, the number
of cross correlations, the log-likelihood for ρ, given a model
power distribution of the GWB ( ˆ )P , is (J. D. Romano &
N. J. Cornish 2017; Y. Ali-Haïmoud et al. 2020, 2021; N. Pol
et al. 2022)

( ) ( ) ( )

( )

= +L P RP RPClog
1

2
constant,

9

T 1

where P is an Npix (Nclm) vector containing the power

decomposition of ( ˆ )P in the radiometer (spherical harmonic)
basis and R is a matrix related to the antenna response Rab but
with an extra normalization factor Npix

1 for the pixel basis and
convolved with the real spherical harmonics for the spherical
harmonic basis. Explicitly,

( ˆ ) ( )= RR
N

1
10ab

k
ab k

pix

for the pixel basis, and

( ˆ ) ( )=
=

R Y R 11ab
lm

k

N

lm k ab
k

1

pix

for the spherical harmonic basis.
Since these two bases express the power in linear

combinations of the basis eigenfunctions, the maximum
likelihood solution for P can be found analytically by partial
differentiation of log L with respect to P and solving for the

root. The solution is

( )=P M X, 121

where M is the Fisher information matrix given by
M = RTC−1R, and X is the dirty map, given by
X = RTC−1ρ. X here is unrelated to the pulsar-specific matrix
Xa previously shown in Equation (6). The covariance of the
model parameters Pi is the inverse of the Fisher information
matrix, so the uncertainty on the regression parameters can be
approximated by ( )Mdiag 1 . For the radiometer pixel basis,
this is a vector of Npix elements giving the uncertainty in the
recovered power in each pixel, and for the spherical harmonic
basis, this is a vector of Nclm elements giving the uncertainty in
the clm coefficients. To compute these matrices, we use the
existing frameworks in Defiant (K. A. Gersbach et al.
2025), a software package for the PTA optimal statistic (OS;
M. Anholm et al. 2009; P. B. Demorest et al. 2012; S. J. Cha-
mberlin et al. 2015), and in MAPS (N. Pol et al. 2022), a
software package for PTA anisotropy searches and methods.
Although we base our analyses on the previously-mentioned
software, we accelerate the computations with JAX (J. Bradb-
ury et al. 2018), among other optimizations, to achieve a
speedup of ∼50,000 times (when run on an NVIDIA A100).
The relevant code is available on GitHub as a fork76 of
Defiant.
We use the uncertainties given by ( )/ M1 diag (i.e.,

neglecting covariances between basis functions) to quantify
the sensitivity of a PTA to anisotropy in the GWB. In the
radiometer basis, this gives a sky map of uncertainties. In the
spherical harmonic basis, this gives a set of uncertainties at
each angular scale corresponding to the ℓ value as well as each
directional orientation corresponding to the m value. In any
basis, using the PFOS gives uncertainties as a function of
frequency, and this information can be used to construct
anisotropy sensitivity curves.

2.2. Simulations

We wish to study how the uncertainties scale with properties
of a PTA, namely, the number of pulsars Npsr, time of arrival
(TOA) error δt, and the GW frequency fGW at which the search
is performed. To this end, we use libstempo77 to generate
simulated datasets based on the NANOGrav 15 yr dataset. We
simulate two types of datasets. The first set is used to
determine scaling laws of the uncertainties with Npsr, δt, fGW,
and angular scale. We describe the details of the simulations
below. The second set is used to forecast the sensitivity of the
NANOGrav PTA into the future by exploring the effect of
increasing Tspan on the sensitivity to anisotropy (we change
Tspan only and not Npsr or TOA uncertainty to isolate the effect
of increasing the observation baseline).
For the first set of simulations, we aim to find scaling

relations of PTA sensitivity to anisotropy with various PTA
parameters. We again begin with the NANOGrav 15 yr
dataset. We simulate 100 datasets with different noise
realizations for each combination of Npsr and TOA uncertainty
in the sets of 17, 34, 51, and 67 pulsars and 100 ns, 500 ns, and
1 μs uncertainty, respectively, giving a total of 1200 datasets.

76 github.com/TTMoursy/defiant
77 github.com/vallis/libstempo
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For a given choice of TOA uncertainty, we set all TOAs in
these datasets to have the same uncertainty. In the datasets
with less than 67 pulsars, we randomly select the subset of
pulsars, and we use the same subset across levels of TOA
uncertainty, but we use a different random selection for each
realization of injected noise processes. For example, in the 17
pulsar case, we simulate 3 datasets with the same 17 pulsars
but with 100 ns, 500 ns, and 1 μs TOA uncertainties, and then
another three datasets with a different random choice of 17
pulsars, and so on until there are 300 datasets in total that have
17 pulsars, and those 300 datasets in total contain 100 choices
of 17 pulsars. We use the same pulsar positions and timing
models as the real dataset, but we extend the timing baseline of
each pulsar to 20 yr. Each pulsar thus has the same timing
baseline but different start and end observation dates. We use
epoch-averaging to reduce the number of TOAs and thereby
reduce the computational cost of analyzing the datasets
(N. S. Pol et al. 2021). We inject intrinsic red noise (IRN) in
each simulated pulsar with the values given in Table A1 of the
Appendix, which were measured from the real NANOGrav
15 yr dataset (G. Agazie et al. 2023c). We inject an isotropic
GWB with an amplitude of A1yr = 2.4 × 10−15 and spectral
index γ = 13/3, consistent with the reported values in the
NANOGrav 15 yr GWB search (G. Agazie et al. 2023a).

For the second set of simulations, we generate 50 datasets
with different realizations of measurement noise, IRN, and the
GWB. To make each dataset, we begin with the NANOGrav
15 yr dataset and extend it to 30 yr of observation. The pulsars
in this set of simulations do not have the same baselines as one
another. We use the same pulsars and timing models again as
in the real dataset, and we inject the same IRN and GWB
values mentioned in the previous paragraph. The injected
measurement noise is realistic in these datasets however in
contrast to the scaling law simulations, and we use the method
of N. S. Pol et al. (2021) and the measured noise from the real
dataset for these injections.

To analyze the datasets in each of the two sets previously
described, we first perform common uncorrelated red noise
(CURN) broken power-law analyses to determine the number
of Fourier modes that have support for a common process.
We use ENTERPRISE (J. A. Ellis et al. 2020), enterpri-
se_extensions (S. R. Taylor et al. 2021), and
PTMCMCSampler (J. Ellis & R. van Haasteren 2017) for
these analyses. We then perform CURN power-law analyses
using the previously determined number of Fourier modes to
model the GWB. We again use the same software for these
analyses. We use the resulting posteriors for IRN and the
GWB spectral parameters to compute the noise-marginalized
(S. J. Vigeland et al. 2018), pair-covariant PFOS (K. A. Gers-
bach et al. 2025), and pulsar pair cross-correlation information.
We convert the PFOS values Sk to characteristic strain with

( ) =h f f S T12c k k
2 3

span (P. A. Rosado et al. 2015), where
Tspan is the total observation duration of the simulated PTA.
We use the cross-correlation uncertainties to compute the
Fisher matrices for the two bases being considered in this work
and as described in Section 2.

To obtain the uncertainty in hc( fk) in each pixel of the
radiometer basis, we multiply hc( fk) by the relative uncertainty
in the pixels, given by the square root of the diagonal elements
ofM−1. At this point, we have uncertainties on hc as a function
of both frequency and sky location, ( ˆ )f ,h kc . We produce
sensitivity curves by selecting a sky location and tracking the

uncertainty in hc at that location across frequencies. We can
also similarly produce sky-averaged sensitivity curves by
taking the sky-averaged uncertainty at each frequency. To
compare our results with prior work on isotropic GWB
sensitivity curves, we use the formalism implemented in
hasasia (J. Hazboun et al. 2019) to calculate sensitivity
curves for our simulated datasets. Specifically, we compute
sensitivity curves for an isotropic stochastic GWB and
compare them to map-averaged anisotropy sensitivity curves
neglecting pair covariance.
For the spherical harmonic basis, the regression coefficients

are the clm values, so the square root of the diagonal elements
of M−1 gives the uncertainties on the spherical harmonic
coefficients rather than the power in the pixels as in the
radiometer pixel basis. We compute the Fisher matrices
similarly to the process for the radiometer pixel basis and
then analyze the scaling of the clm uncertainties with
frequency, number of pulsars, rms TOA error, and the angular
scale ℓ.

3. Results

3.1. Sensitivity Curves

In Figure 1, we show sensitivity curves of a simulated PTA
from the first set of simulations described in Section 2.2. The
map-averaged curves are consistent with the stochastic GWB
sensitivity curves generated using hasasia. The curves that
correspond to the most sensitive sky location of the PTAs are
about a factor of 2–3 times more sensitive than the least
sensitive sky location curves, which shows that the sky
location of excess power in an anisotropic GWB can be an
important factor in the time to detection.
Including the pulsar pair covariance in the covariance matrix

(B. Allen & J. D. Romano 2023; K. A. Gersbach et al. 2025)
has a significant impact on the sensitivity through an increase
in the Fisher uncertainty for a given pixel, resulting in lower
overall sensitivity. The covariance of the correlations has to be
accounted for because the null hypothesis in anisotropy
searches is an isotropic GWB (K. A. Gersbach et al. 2025),
which induces covariant cross correlations. Neglecting the
covariance is appropriate in searches for an isotropic GWB;
however, the null hypothesis in that case is noise. We find that
at the lowest frequencies, the sensitivity is overestimated by a
factor of 2, and the overestimate reduces with higher
frequencies until the ratio is approximately one. The agree-
ment at higher frequencies is due to the magnitude of pair
covariance scaling directly with the GWB power, which
decreases at higher frequencies due to the assumed power-law
behavior of the GWB.

3.2. Scaling Laws

The scaling law analyses were performed by computing the
Fisher matrix in the pixel basis and spherical harmonic basis
and grouping the results by the PTA parameter of interest,
namely Npsr, TOA uncertainty, and GW frequency, as well as
angular scale for the spherical harmonics basis. We then fit a
line to the log-log transformation of the square root of the
diagonal elements of the Fisher matrix, ( )Mdiag , versus the
values of the parameter of interest. We choose to represent the
scaling laws with respect to ( )Mdiag as it is easier to
interpret than the corresponding uncertainties, with larger
values representing higher sensitivity. To condense all the

5

The Astrophysical Journal, 1008:205 (15pp), 2026 September 10 Moursy et al.



sensitivity estimates to a single value for each parameter value,
we take the median of the noise-marginalized distribution, i.e.,
the median of 1000 sensitivity estimates corresponding to 1000
noise draws, and then again take the median of the distribution
across different realizations of the datasets. To fit a line to the
data, we use LMFIT with asymmetric error bars on the data.
The upper error bar is taken as the difference between the 75th
and 50th percentiles, and the lower error bar is taken as the
difference between the 50th and 25th percentiles.

We show in Figure 2 the scaling of ( )Mdiag in the pixel
basis with Npsr, TOA uncertainty, and GW frequency. We find
a median scaling law exponent of ( )Mdiag with Npsr of
0.8 ± 0.1, with the uncertainty being 1 standard deviation. The
same analysis for TOA uncertainty and fGW gives scaling law
exponents of −0.08 ± 0.01 and −0.12 ± 0.04. We note that
this dependence on fGW is for the Fisher matrix only, and does
not include the total contribution from the pulsar transmission
functions (J. S. Hazboun et al. 2019), encoded in the
transformation to PSD or hc. The total frequency dependence
of the sensitivity in PSD space or hc space can be obtained by
dividing this result by the frequency dependence of the PSD or
equivalent characteristic strain in the PTA.

In Figure 3, we show the spherical harmonic basis Fisher
matrix scaling with Npsr, TOA uncertainty, and GW frequency.
The scaling relations are similar to those in the pixel basis. In
Figure 4, we show the scaling with angular scale (given by
180°/ℓ for ℓ > 0 and 360° for ℓ = 0). For this scaling, we use
only the clm coefficients with 8� ℓ� 20, as lower values
of ℓ follow a different, significantly shallower evolution.
We verified that our results for this scaling law
( ( )Mdiag ) do not change significantly whether
holding Npsr fixed at 67 or including sensitivity results from
all four Npsr values that were used in this work. The scaling
law exponent for the selected range of ℓ values is 1.58 ± 0.03.
The slope of the scaling law line does not change significantly
when reducing the ℓ range to 10� ℓ� 20 and including all
values of Npsr.

For ease of reference, we list our scaling relation results
below:

( ) ( )±M Ndiag , 13psr
0.8 0.1

( ) ( )±M tdiag , 140.08 0.01

( ) ( )±M fdiag . 15GW
0.12 0.04

The scaling with angular scale is more nuanced, so we refer
the reader to Figure 4 and the related discussion in Section 4.

3.3. Forecasting PTA Sensitivity

Using the realistic simulation set, we compute sensitivity
curves for time slices at 16, 20, 25, and 30 yr. We compare the
sensitivity at 16 yr to the sensitivity at longer baselines as
follows. First, we generate the sensitivity curves at the
different time slices using the noise-marginalized, pair-
covariant PFOS. Next, we determine the sensitivity growth
as a function of frequency. However, the frequency bins
spaced at multiples of, e.g., 1/30 yr are not the same as those
for 1/16 yr. Therefore, to compare the sensitivity at each
frequency, we select the multiple of 1/30 yr which is closest to
each frequency bin of the 16 yr simulations and compute the
percent change in sensitivity relative to the 16 yr sensitivity at
each of the first four frequency bins. We then have a percent
change in sensitivity for each Tspan, for each noise draw, for
each frequency, and for each dataset. We show in Figure 5 the
noise-marginalized median changes in sensitivity as a function
of Tspan. We also show the absolute sensitivities at 16 and 30
yr in Figure 6 for a pixel with relatively low sensitivity and a
pixel with relatively high sensitivity, but in this figure, we
reduce the noise-marginalization spread down to a point
estimate (the median). The curves in Figure 6 are then medians
across realizations with error bars representing 1 standard
deviation across realizations.

4. Discussion

From our sensitivity curves in Figure 1, we validate our
method of making sensitivity curves against hasasia in the
isotropic limit but now have a generalized method of
quantifying PTA sensitivity to anisotropy, which can be
computed at any sky location or for any spherical harmonic
basis function. Note that C. M. F. Mingarelli et al. (2013),
S. R. Taylor & J. R. Gair (2013), and C. M. F. Mingarelli et al.
(2026) develop expressions for the expected angular power
spectrum of a GWB, so one could use our method to quantify
the sensitivity of a PTA to such power spectra. In this work,
we also use our method to quantify the overestimate in

10−9 10−8

fGW (Hz)

10−14

10−13
h
c

10−9 10−8

fGW (Hz)

10−9 10−8

fGW (Hz)

Pair covariant OS

Non pair covariant OS

hasasia GWB curve

Figure 1. Pixel basis anisotropy sensitivity curves using a simulated dataset with 67 pulsars, 100 ns TOA uncertainty, and pulsars with baselines of identical length.
These curves were generated by choosing a sky location for the left and right panels and averaging over all sky locations for the middle panel. The sky location of the
left panel is a region of low pulsar density and correspondingly low sensitivity, whereas the sky location of the right panel is representative of the most sensitive sky
location for the simulated PTA. This figure shows (i) validation against hasasia by comparing the map average to a hasasia GWB curve of the same dataset, (ii)
the overestimated sensitivity when one neglects pair covariance, and (iii) the effect of sky location (or, more fundamentally, pulsar density) on the sensitivity of
PTAs to anisotropy.
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sensitivity (roughly a factor of 2 at the lowest frequencies)
when the covariance between pulsar pair correlations is
neglected. This overestimate is most significant at lower
frequencies where the GWB signal is larger relative to the

noise but insignificant at higher frequencies where the GWB is
weak relative to the noise.
In addition, our simulated sensitivity curves show the large

effect sky location has on PTA sensitivity to anisotropy, with

0.63 1.2Power law exponent -0.12 -0.05Power law exponent -0.25 -0.05Power law exponent

Figure 2. Pixel basis power-law scaling exponents as a function of sky location and (left) number of pulsars, (center) TOA uncertainty, and (right) GW frequency.
The Fisher matrix diagonal elements increase with the number of pulsars and decrease with TOA uncertainty and GW frequency.
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Figure 3. Spherical harmonic basis power-law scaling exponents as a function of (left) number of pulsars, (center) TOA uncertainty, and (right) GW frequency. The
exponents are grouped by the ℓ value of the clm coefficient, and the spread at each ℓ value corresponds to different m values. ( )Mdiag scales with a positive
exponent (i.e., increases) with the number of pulsars and a negative exponent (i.e., decreases) with TOA uncertainty and GW frequency. The cyan markers
correspond to an analysis performed setting max to 8. The black markers correspond to an analysis performed setting max to 20. The power-law exponents generally
take more extreme values at smaller angular scales.
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Figure 4. Sensitivity scaling in the spherical harmonic basis as a function of angular scale. Here, we define angular scale as 180°/ℓ for ℓ > 0 and 360° for ℓ = 0. The
sensitivity increases with the angular scale of the anisotropy. Left: the markers and error bars correspond to the medians and 25th–75th percentiles of the
distributions. Only the Fisher matrix elements corresponding to coefficients with 8 � ℓ � 20 and m = 0 were used in fitting the line. Right: the power-law exponents
obtained by fixing m to different values and considering only 10 � ℓ � 20. The dependence on m is due to the anisotropic distribution of pulsars in the array and the
fact that m sets the orientation of the spherical harmonic. For example, m = 0 corresponds to anisotropies at the north and south poles of the sphere (high and low
declinations), while m = 10 corresponds to anisotropies closer to the equator of the sphere for the range of ℓ values considered.
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the most sensitive pixel being a factor of ∼2–3 times more
sensitive than the least sensitive pixel for the PTA configura-
tion used. This effect is due to the anisotropic distribution of
pulsar density in a PTA.

From our scaling law analyses for number of pulsars, TOA
uncertainty, GW frequency, and angular scale, we found that
the sensitivity of a PTA to anisotropy increases with the
number of pulsars roughly linearly but with a strong
dependence on pulsar density and angular scale. We also
found that the sensitivity decreases with increasing TOA
uncertainties but with a weaker dependence than the depend-
ence on the number of pulsars. Our results for the number of
pulsars and TOA uncertainty are in general agreement with the
scaling laws found in X. Siemens et al. (2013) for the OS
signal-to-noise ratio (SNR); the relevant relations from that
work that we discuss here are that the SNR scales as TOA
uncertainty to the −1/γ (−0.23 for γ = 13/3) and scales
linearly with the number of pulsars. Note that these scalings
are valid in the intermediate-signal regime defined by X. Sie-
mens et al. (2013), which is the regime in which our analysis
was performed. The similarities between our results and those
of X. Siemens et al. (2013) are because the two detection
methods are based on using the cross correlations only of
pulsar pairs. The anisotropy regression coefficients have a
covariance matrix ( )R C R .T 1 1 If we assume, for simplicity, a

diagonal covariance matrix C of the cross correlations with
equal uncertainty for every cross correlation, the anisotropy
regression coefficients have uncertainties directly proportional
to the uncertainties of the cross correlations. This is the reason
our result for the TOA uncertainty scaling is similar to the
result from X. Siemens et al. (2013). However, the scaling we
find is even weaker because our signal and null hypotheses are
an anisotropic and isotropic GWB, respectively, whereas the
signal and null hypotheses of the OS SNR are an isotropic
GWB and noise, respectively. This is important because an
isotropic GWB induces additional variance in the cross
correlations, and so our covariance matrix includes contribu-
tions from the GWB. This means part of the variance in the
cross correlations is unaffected by TOA uncertainty. In
addition, we used only the lowest 6 bins of GW frequency
for our scaling laws analyses, and the GWB is stronger at
lower frequencies, so this likely resulted in even weaker
scaling than if we had analyzed sensitivities at higher
frequencies. To quantify approximately the contribution of
pair covariance to the uncertainties in the anisotropic
regression coefficients, we note that we found a factor of ∼2
difference in the sensitivity curves in Figure 1, so the GWB
contributes a significant fraction of the total uncertainty.
As mentioned in the previous paragraph, X. Siemens et al.

(2013) found linear scaling of the OS SNR with Npsr, which is
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Figure 5. Percent change in sensitivity as a function of Tspan. All percentages are measured relative to the 16 yr baseline. The distributions contain the medians of
each simulation, and the markers and lines represent the medians of the distributions. The rows represent different frequencies: 1/Tspan to 4/Tspan from top to bottom.
The sky location is fixed to a pixel of relatively low (high) sensitivity in the left (right) column. Some changes in sensitivity extend beyond what is shown here, but
we restrict the plot’s limits to improve legibility. We note that these results include pulsar pair covariance. There is negligible dependence of sensitivity on Tspan
alone except at the lowest frequencies. This is because the Tspan of individual pulsars grows with time and so pulsars which previously had too short a baseline to
contribute appreciable sensitivity to the lowest frequency bins begin to have greater impact on the sensitivity after being observed long enough to reach the
lowest bins.
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in good agreement with our results in both bases. This strong
dependence of sensitivity on the number of pulsars is again
due to the use of pulsar pair cross correlations for the
frequentist anisotropy method employed here. P. F. Depta
et al. (2025) and V. Domcke et al. (2025) found anisotropy
sensitivity to scale as Npsr , in agreement with the isotropic
GWB sensitivity scaling found by S. Babak et al. (2024), but
this is because all of those works considered a different
detection method which includes the auto-correlations. See
Y. Ali-Haïmoud et al. (2020) for additional discussion on
anisotropy methods based on auto-correlations. N. Pol et al.
(2022) used a similar cross-correlation-based method to our
method in this work, although they studied the scaling of
various SNRs and did not include pair covariance. They found
linear scaling of total SNR (the maximum likelihood ratio
between an anisotropic GWB and noise) and isotropic SNR
(isotropic GWB to noise) with Npsr, which agrees with our
result and that of X. Siemens et al. (2013). This is expected
since these works all use cross correlations only. N. Pol et al.
(2022) did not find significant scaling of anisotropic SNR with
Npsr, but this is because they injected an isotropic GWB, so, as
they mentioned, the anisotropic SNR was not expected to
scale.

We found that the sensitivity of a PTA to anisotropy
generally decreases with decreasing angular scale. This is
because there is a lower effective number of pulsars included
in smaller angular scales. The dependence on angular scale is
shallower at low values of ℓ and more extreme at high values
of ℓ. This is consistent with the results shown in Figure 3 and is
likely due to the finite number and anisotropic distribution of
pulsars in the array, which cause the angular number density of
the pulsar distribution relative to the spherical harmonic beams
to change with ℓ. If a PTA had a uniform distribution of many
pulsars, the effective number of pulsars included in the
characteristic area of a given spherical harmonic would scale
the same as the area so that the density remains constant,
giving linear scaling overall between area and effective
number of pulsars. Since the angular scale of the spherical
harmonic goes as ℓ−1, the area goes as ℓ−2, so linear scaling
with area is equivalent to quadratic scaling with ΔΩ and
inverse quadratic scaling with ℓ. The right panel of Figure 4
would then have markers all consistent with (ΔΩ)2. However,

as can be seen in that figure, there is also a dependence of the
scaling on the values of m under consideration, and this
dependence is because m sets the orientation of the spherical
harmonic on the sphere. m = 0 corresponds to the poles of the
sphere, but there are few pulsars in the NANOGrav array at
extreme decl. So, the scaling is shallower when m is set to 0
compared to other values of m, and this effect can also be seen
in Figure 2, where areas of low pulsar density typically have
shallower scaling than areas of high pulsar density.
Our results for Npsr and angular scale show the need for

increasing the number of pulsars in PTA observing campaigns
as well as increasing the sky coverage of PTAs for the largest
improvements in sensitivity to anisotropy. Our results also
show that combining PTA datasets through the International
Pulsar Timing Array (IPTA; G. Hobbs et al. 2010) can greatly
improve sensitivity to anisotropy, as different PTAs have
different sky coverage, so combining the datasets increases sky
coverage besides increasing the number of pulsars. For
example, doubling the number of pulsars through an IPTA
combination would give roughly double sensitivity to aniso-
tropy based on our scaling relation of sensitivity and number
of pulsars. A future study of interest, given the stronger
dependence of the sensitivity on number of pulsars than on
noise, would be to quantify the gain in sensitivity PTAs could
achieve by observing more pulsars but which have stronger
noise levels.
For the other scaling law parameter we studied, GW

frequency, we found that the diagonal elements of the Fisher
matrix decrease with increasing GW frequency, although hc is
also frequency dependent. The total dependence of PTA
sensitivity to anisotropy on GW frequency can be seen in
Figure 1, and the frequency dependence is consistent with that
of the sensitivity to an isotropic GWB using the methods of
J. S. Hazboun et al. (2019) despite the difference in
methodology: J. S. Hazboun et al. (2019) use pulsar auto-
correlations rather than the cross correlations that our work is
based on. Our results also show that the net frequency
dependence is approximately uniform across the sky, as can be
seen from the panels of Figure 1.
From our sensitivity forecast analysis in Section 3.3, we

found that increasing only the observing time span of a PTA
from 16 to 30 yr has little effect on average on the sensitivity

10−9 10−8

fGW (Hz)

10−14

10−13
h
c

10−9 10−8

fGW (Hz)

16 years

30 years

Figure 6. Sensitivity curves for simulated PTAs with realistic TOA uncertainty distributions and including pulsar pair covariance. The sky location was fixed to a
pixel of relatively low (high) sensitivity in the left (right) panel. The curves represent the median sensitivity across datasets, and the error bars represent 1 standard
deviation.
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to anisotropy but with a large spread across realizations, sky
location, and GW frequency. The dependence on sky location
is physically only a dependence on pulsar density. The more
sensitive sky location used in Figure 5 (with a higher pulsar
density) had, when using the mean across datasets of medians
across noise draws, only a ∼20% growth in sensitivity at the
lowest frequency bin by 30 yr, whereas the less sensitive sky
location experienced a ∼50% growth for the same frequency
bin by 30 yr. To explain this, we first note that, as well as
having lower pulsar density, the sky location with less
sensitivity also had pulsars with shorter baselines nearby:
only three pulsars had baselines beyond the second frequency
bin (≲4 nHz) in that region of the sky in the 16 yr time slice
but ∼10 pulsars by the 30 yr time slice. In contrast, the sky
location with higher sensitivity had ∼20 pulsars nearby with
baselines beyond 4 nHz in the 16 yr time slice and grew by
5–10 pulsars by the 30 yr time slice. Therefore, the higher
growth in sensitivity in the less sensitive sky location
compared to the more sensitive sky location is likely due to
a larger relative increase in the “effective” number of pulsars
which have an observing baseline long enough to contribute to
the lowest frequencies.

Similar to the above argument but irrespective of sky
location, we find that the sensitivity at the lower GW
frequencies generally shows greater improvement than at
higher frequencies, and the lowest frequency in particular
shows the greatest improvement. Across the whole PTA sky,

the number of pulsars with a baseline beyond the second
frequency bin is only 34 for the 16 yr time slice but all 67
pulsars by the 30 yr time slice, so this is likely introducing
some of the scaling with Npsr into our results for Tspan scaling.
Our results in Figures 5 and 6 show that increasing Tspan

without improving other parameters of a PTA has a much
smaller effect on the sensitivity of the PTA to anisotropy than
the effect of increasing Npsr (Section 3.2) and the density of the
pulsar distribution across the sky. Indeed, from Figure 6 it can
be seen that a PTA with 16 yr of observation is up to twice as
sensitive to anisotropy in sky locations with high pulsar
density than a PTA with 30 yr of observation is to anisotropy
in sky locations with low pulsar density. This suggests a large
gain in sensitivity to anisotropy that PTAs can achieve with
greater pulsar density.
As a final note on our sensitivity forecasts, the increases in

sensitivity reported here are conservative as we maintained the
number and sky coverage of pulsars, the number of telescopes,
and the TOA uncertainties that were present in the NANOGrav
15 yr dataset.

5. A New Multi-resolution Pixel Basis

Motivated by the strong dependence of PTA sensitivity on
sky location (as shown in Figure 1), we introduce a multi-
resolution pixel basis. We use the multi-resolution HEALPix
functionality (L. P. Singer & L. R. Price 2016; I. Martinez-C-
astellanos et al. 2022) in the software package mhealpy
(I. Martinez-Castellanos et al. 2024) and adapt it to PTA
anisotropy methods. In brief, the multi-resolution HEALPix
tessellation works by assigning a unique index to every
possible pixel. The index encodes the pixel’s location and
resolution. This is called the UNIQ scheme, and it works
similarly to the NESTED scheme, but the NESTED and RING
schemes encode the resolution using the total number of pixels
in the map. This is not possible with a multi-resolution
tessellation, so the UNIQ scheme removes that implicit
dependence on the number of pixels. Explicitly, the index of
a pixel in the UNIQ scheme is related to the index of the
equivalent pixel of a map of resolution Nside in the NESTED
scheme as = +i i N4UNIQ NESTED side

2 . See P. Fernique et al.
(2014), M. Reinecke & E. Hivon (2015), and R. W. Youngren
& M. D. Petty (2017) for more details on multi-resolution
HEALPix tessellations.
PTA anisotropy searches with the multi-resolution pixel

basis work the same way as searches with the single-resolution
pixel basis except we use a general normalization (ΔΩk/4π)
rather than Npix

1. Using Npix
1 assumes all pixels have the same

area, so that normalization is valid for the single-resolution
pixel basis but not for the multi-resolution pixel basis.
Explicitly, the response matrix is

( ˆ ) ( )= RR
4

, 16ab
k k

ab k

and the form of the maximum likelihood estimator is
unchanged.
To verify the functionality of the new basis, we perform

injection-and-recovery simulations with isotropic and anisotro-
pic GWB injections using analytical recoveries. However, we
restrict the analyses to small numbers of pixels because we find
that, when the number of pixels is large, the Fisher matrix often
becomes nearly singular, so the analytical solution P = M−1X
becomes numerically unstable due to the need to invert the

0.90 0.95 1.00 1.05 1.10

P (Ω̂)

1.0 1.2 1.4 1.6

P (Ω̂)

−1.998 0.000 1.998

P (Ω̂) ×10−14 + 1
1.0 1.2 1.4 1.6

P (Ω̂)

0.1 0.2 0.3 0.4
σ

0.1 0.2 0.3 0.4
σ

Figure 7. Analytical recoveries of simulated injected GWB power distribu-
tions. Top: the injected GWB power distributions with an isotropic GWB in
the left column and an anisotropic GWB in the right column. Middle: the
recovered sky maps with the multi-resolution pixel basis. Bottom. Uncertain-
ties in the recoveries, estimated as the square root of the diagonal elements of
the inverse Fisher matrix. The uncertainties are the same between the left and
right columns of the figure because the Fisher matrix is independent of the
injected GWB since we neglected pair covariance in these multi-resolution
simulations. The large difference in uncertainties between pixels of different
areas is because we are solving the maximum likelihood problem for power
density P. If we instead solve for a relative amplitude PΔΩ, the uncertainties
would be approximately uniform.

10

The Astrophysical Journal, 1008:205 (15pp), 2026 September 10 Moursy et al.



Fisher matrix. This instability is mostly due to strong
covariances between pixels, but other effects contribute as well,
such as anisotropic pulsar distribution and covariant cross
correlations. For a simplistic simulation with 67 uniformly
distributed simulated pulsars, the Fisher matrix for the pixel
basis at Nside = 8 has a condition number ( )O 1014 , but setting
the off-diagonal elements to zero (which defines the radiometer
pixel basis, the basis used in the previous sections of this work)
reduces the condition number to ( )O 1 . This suggests the
covariances between pixels cause most of the instability.
Additionally, since the cross correlations are not independent,
the number of pixels that can be constrained is less than a
simple counting argument limit like Npix ≲ Ncc. We also find
that by using the NANOGrav distribution of pulsar locations,
the condition number increases from ( )O 1014 to ( )O 1018 , which
indicates that sky coverage contributes significantly. Numerical
instabilities can be overcome using standard methods of dealing
with nearly singular matrices, e.g., singular value decomposition
regularization, using a forward-modeled approach to avoid the
ill-posed inverse problem, etc. However, we choose to simply
use a few pixels and sidestep the problem entirely, as our aim
here is only to demonstrate the new basis rather than actually
perform an anisotropy search.

To simulate cross correlations, we generate 75 pulsars
randomly distributed across the sky, and compute the cross
correlations induced by the injected GWB by multiplying the
simulated PTA response matrix with the injected power vector.
We use cross-correlation uncertainties of 0.1 for all pulsar pairs
(for reference, the HD curve has a maximum value of 0.5), and
we generate the recovered sky maps using the maximum
likelihood estimator P = M−1X. We perform tests with an
isotropic injection and an anisotropic injection. The isotropic
GWB was simulated to have power Pk = 1 ∀ k, where k
represents the pixel index, while the anisotropic GWB was
generated by starting with an isotropic GWB, doubling the
power in two pixels, adding a random number between 0 and
0.1 to each pixel, and normalizing the result. We show the
injections, recoveries, and uncertainties in Figure 7. The
difference between injection and recovery is ( )O 10 14 , much
smaller than the ( )O 1 GWB, indicating successful recoveries.

In Figure 8, we show a sensitivity map in this basis compared
to sensitivity maps produced in the single-resolution pixel basis.
These sensitivity maps were produced using one of the simulated
datasets from the scaling law analysis. The Nside = 2 map in the
left panel has higher uncertainties but better resolution, while the
Nside = 1 map in the right panel has lower uncertainties but also
lower resolution. The multi-resolution basis allows us to fuse the
two resolutions and corresponding uncertainties to balance the

uncertainties across the sky. Using this new basis, we can
effectively trade localization for uncertainty and vice versa in
each region of the sky independently of other regions of the sky.
This allows us to take advantage of the anisotropic distribution of
pulsars in PTAs to achieve better resolution. This also highlights
the importance of increasing the number of pulsars in PTAs
irrespective of sky coverage, as we can increase the resolution
wherever the new pulsars are added. Note, however, only the
uncertainties on power density are affected by using the multi-
resolution basis. As mentioned in the caption of Figure 7, the
uncertainties on pixel amplitudes cannot be tuned in the
same way.
Although we have introduced and verified the multi-

resolution basis in this section and produced sensitivity maps,
this basis still needs more development before it is complete.
In particular, the statistic used to produce a multi-resolution
mesh for a given dataset needs to be explored, and the basis
needs to be tested with more realistic simulations starting from
the TOA level rather than from the pulsar pair cross
correlations as was done in this work. This basis was
motivated by the anisotropic sensitivity of PTAs and allows
for the exchange of localization for uncertainty (and
vice versa) in each location of the sky, so a natural statistic
used to set resolutions is the sensitivity of the PTA as we
demonstrated in Figure 8; in future work, however, we plan to
use reversible jump Markov Chain Monte Carlo (RJMCMC;
P. J. Green 1995) methods to select a preferred mesh for a
given PTA dataset. The Fisher matrix used in this work only
accounts for noise and geometry (through C and R,
respectively), so more data-driven methods like RJMCMC
would be desirable to include contributions from the likelihood
as well. A question to explore afterward is whether the multi-
resolution basis can mitigate bias from angular scales of the
GWB smaller than the cutoff resolution used for the
reconstruction. F. Semenzato et al. (2025) argued that,
independent of basis, anisotropies at angular scales beyond
the reconstruction’s cutoff resolution bias the reconstruction.
D. Agarwal et al. (2026) showed that, in the spherical
harmonic basis, making max sufficiently large avoids this
bias, and they use a method similar to the local resolution
spherical harmonic method of K. Grunthal et al. (2026). The
multi-resolution pixel basis can be used to achieve an
analogous local resolution method to K. Grunthal et al.
(2026) but in the pixel basis, so it may likewise have the
additional advantage of mitigating bias from small angular
scales. This is beyond the scope of this work, however, and
further research would be required to make a definitive
statement.

0.5 1.0 1.5
σhc ×10−13

0.5 1.0 1.5
σhc ×10−13

0.5 1.0 1.5
σhc ×10−13

Figure 8. Uncertainty maps for (left) a single-resolution Nside = 2 parameterization, (center) a multi-resolution parameterization, and (right) a single-resolution
Nside = 1 parameterization. The three colorbars have the same limits for easier comparison.
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Appendix
Injected Noise Parameters

The simulations analyzed in this work contain injected
intrinsic pulsar red noise with a power-law spectral form. The
spectral parameters used for each pulsar are listed in Table A1.
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